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Abstract 

We consider strong uniqueness and thus also existence of strong solutions for the stochastic heat 
equation with a multiplicative colored noise term. Here, the noise is white in time and colored in 
q dimensional space {q > I) with a singular correlation kernel. The noise coefficient is Holder con- 
tinuous in the solution. We discuss improvements of the sufficient conditions obtained in Mytnik, 
Perkins and Sturm (2006) that relate the Holder coefficient with the singularity of the correlation 
kernel of the noise. For this we use new ideas of Mytnik and Perkins (2011) who treat the case of 
strong uniqueness for the stochastic heat equation with multiplicative white noise in one dimension. 
Our main result on pathwise uniqueness confirms a conjecture that was put forward in their paper. 
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1 Introduction 



This work is the third in a series of papers deahng with the pathwise uniqueness of the stochastic 
heat equation with Holder continuous noise coefficients: For t > and x G M"^ we set X{0,x) = 
Xo{x) and consider 

BX 1 

— = - AX + a{t, X, X)Wit, x) + b{t, x, X) a.s. (1) 

Here, X : x M is random, A denotes the Laplacian, W a space-time noise on M.^ x R"?, 

and fj and b are real valued functions. 

Stochastic partial differential equations (SPDE) of the form ([T]) arise naturally in the description 
of the densities of measure- valued processes on K', that are obtained, for one, as diffusion limits of 
spatial branching particle systems. For example, in the case of super-Brownian motion in dimension 
q = 1 the measure at any positive time i > has a density Xt{x) = X{t,x) a.s., and this density 
satisfies the above equation (P) with a{t, x, X) — Vx, b = and W space-time white noise (['KS88j, 
IReiSQQ . 

Here, we want to focus on equation ([!]) in any dimension g > 1 in the case when the noise 
coefficient a is not necessarily Lipschitz but merely Holder continuous in the solution X and W is 
a noise that is white in time and colored in space. This means that is a Gaussian martingale 
measure on IR+ x M'^ as introduced in |Wal86j with spatial correlation kernel k : K^'' — )■ M. specified 
as follows. For (p G Cc(M''), the continuous compactly supported functions on R', the real- valued 
process {Wt{(t>))t>o is a Brownian motion with quadratic variation given by 

{Wmt-.^tf f <l>{x)ct>{y)k{x,y)dxdy. (2) 

SPDEs with colored noise of this form arise as diffusion limits of branching particle systems in 
a random environment, whose spatial correlation is described by the kernel k, in the case that 
a{t,x,X) = X, see |Stu03| and also |Myt96| . More general noise coefficients a should correspond 
to an additional dependence of the branching on the local particle density, see |ZahlOj for a recent 
general formulation in the non-spatial setting without a random environment. 

In this article we give conditions for pathwise uniqueness of solutions to equation ([T]) with the 
correlation kernel k in the following form: There exist constants a E (0, 2 A q) and (j3] > such that 

k{w,z) < (^\w - z\-" + 1) foraUw,zGM«. (3) 

For noise correlation kernels of this form, existence and pathwise uniqueness of solutions to ([T|) when 
a is Holder continuous in the solution was previously considered in |MPS06| . where an equivalent 
formulations of condition ^ can be found as well as further conditions that any correlation kernel 
as in ^ must satisfy. The techniques used in [MPS06 for finding sufficient conditions on pathwise 
uniqueness were further refined in |MP11| albeit for ([T]) in dimension q = 1 with space-time white 
noise. In this work, we want to utilize the ideas of |MPllj in order to improve the results of 
IMPSOBj . 

In order to rigorously describe our new results as well as the preceding results of |MPS06j and 
|MPllj we introduce some conditions on the coefficients as well as some notation. We will impose a 
growth condition and a Holder continuity condition on a as well as the standard Lipschitz condition 
on b. So assume that there exists a constant eg] such that for all {t,x,X) G K+ x R''+^, 

\a{t,x,X)\ + \b{t,x,X)\ <<^l + \X\). (4) 

Furthermore, for some 7 G (0, 1) there arc Ai, A2 > and for all T > there is an Ao{T) so that 
for all t G [0,T] and aU {x,X,X') G M«+^ 

\ait,x,X) - ait,x,X')\ < Ao{T)e^^^^\l + \X\ + - X'\\ (5) 
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and there is a B > such that for aU {t, x, X, X') e R+ x M'?+2, 

\b{t,x,X) ~b{t,x,X')\ <B\X-X'\. (6) 

Also, we denote by Cc,Co,Cb the spaces of contmuous functions with compact support, vanishing 
at infinity or bounded, respectively. By C{E,F) we denote the continuous functions from E to 
F for some topological spaces E and F. If the function is /c-times continuously differentiable for 
fc G N U {00} we write a superscript k. We also write B'^[x, r) for the ball with center x and radius 
r in R"^ . Throughout the paper we will use the convention that constants denoted by Ci,j , Ci refer to 
their appearance in Lemma i.j or Equation (?), respectively. We will denote generic constants by 
C, which may change their values from line to line. Further dependence on parameters is indicated 
in brackets. Finally, let Pt{x) = (27rt)~''/^ exp(— -1^) be the q-dimensional heat-kernel. 

We say that (X, W) is a (stochastically weak) solution if there exists a filtered probability space 
(il, J", {J^t)t>o,P) that supports a colored noise W defined as in ^ and ^ such that X and W 
are adapted and the mild formulation of ([T]) holds, namely 

X{t, x)^Jpt{x~ y)X{0, y)dy + J J Pt-s{x - y)a{s, x, X{s, y))W{ds dx) (7) 
t 

Pt-s{x- y)b{s,x,X{s,y))dxds 

almost surely for all i > and £ Cc(K''), where we used the abbreviation / for J^^ . (In the 
following the integration domain will always be assumed to be if nothing else is specified.) For 
more details about these so called mild solutions and the existence of the stochastic integral with 
respect to W see |Dal99| . for more about the notion of weak solutions see [JacSOj Def. 5.2(a). Define 
the space of tempered functions by 

Ctom {/ e C(R',M) : II/IIa < ^ VA > 0} , where ||/|U := sup |/(x)|e-^l-l . 
For the existence of solutions we state 

Theorem 1.1. Let Xq G Ctcm o.nd let b,a be continuous functions satisfying Assume that ^ 
holds for some a € (0,2 A q). Then there exists a stochastically weak solution to ^ with sample 
paths in C(R+, Ctcm)- Additionally, it holds that for all T, X,p > 0, 

E( sup sup |X(t,x)|Pe"^l^l) < 00. (8) 
o<t<T xem 

This theorem is essentially Theorem 1.2 and Theorem 1.8 of |MPS06j combined, except that 
we add a drift b and allow space and time dependence of b and a. The full proof addressing these 
straightforward generalizations can be found in Chapter 8 of |Ripl2| . 

We say that pathwise uniqueness for ([T]) holds if for any two solutions X^ and X^ G Ctcm on the 
same filtered probability space (fi, J", {Ft)t>OiP) supporting a noise W and with X^ = X"^ almost 
surely we have that X^(i, x) = X'^{t,x) for all t > 0,x G R'' almost surely. We are now in the 
position to state our main result regarding pathwise uniqueness of solutions to ([1]): 

Theorem 1.2. Let Xq e Ctcm and assume that &, ct : R+ x R« x R -> R satisfy (H)), ^ and ([6]). 
Assume that ^ holds for some a S (0, 2 A g). Then pathwise uniqueness for solutions of (HI holds 
if 

a < 2(27-1). 

Our main result improves the sufficient conditions for pathwise uniqueness given in IMPS06] 
in the same setting: There, it was shown that pathwise uniqueness holds if a < (27 — 1). Since 
it was known already then from |Dal99[ IP ZOO) that for Lipschitz continuous noise coefficients a 
(corresponding to 7 = 1) pathwise uniqueness holds if a < 2Aq there was an obvious gap for 7 close 
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to 1 in dimensions q > 2. We close this gap with the present work. In addition, heuristic arguments 
can be made -in the Lipschitz as well as in our Holder continuous case, see Section ^ that the 
sufficient conditions for pathwise uniqueness cannot be further improved, so that we believe that 
they are indeed necessary and the result of Theorem 11.21 sharp . 

We would like to point out that the statement of Theorem 11.21 was already conjectured in 
|MPllj . In that article, pathwise uniqueness to ([T]) with white noise (formally k — 5, the delta 
measure) is considered in dimension q = 1 for &, cr : M+ X R2 ^ K that satisfy © and 
By using and significantly improving the techniques of [MPS06| it is shown in this setting that 
pathwise uniqueness holds for 7 > |. Recently, it has been proven in 'MMP12^ that this result is 
sharp at least when solutions can be positive and negative, implying in particular that the white 
noise equation with 7 = i is not pathwise unique. 

The latter question had sparked a lot of interest over the last several decades since the cor- 
responding equation -albeit with nonnegative solutions- describes the density of super-Brownian 
motion on one hand. On the other hand, it is well known that the corresponding non-spatial or- 
dinary stochastic differential equation with respect to Brownian motion is pathwise unique if and 
only if 7 > ^. Finally, we note that it has recently been shown in jXiol2] that a certain SPDE 
related to super-Brownian motion (different from ([1]) as it regards a distribution function valued 
process) is also pathwise unique. 

In this paper, we use the refined techniques put forward in |MP11) in order to arrive at our 
main result. Theorem 11.21 A heuristic and proof outline for the rather technical and lengthy parts 
of the arguments will be given in Section [2] Since in the following sections many arguments are 
analogous to those provided in [MPllj we do not present those parts in complete detail but refer 
the interested reader to |Ripl2| , where all calculations are carried out explicitly. 

Here, we would like to emphasize that the main differences and additional difficulties to |MP11| 
lie in the fact that we are considering a multi-dimensional setting and that we need to take care 
of correlations stemming from the kernel k. Thus, numerous adjustments and some refinements to 
the results in f MPllj are necessary (see for example Lemma 6.8 and the accompanying remark). 

At the end of this section, we want to stress the significance of pathwise uniqueness by pointing 
out that existence of weak solutions combined with pathwise uniqueness generally implies the 
existence of strong solutions. This is a classic result for ordinary stochastic differential equations 
(see Proposition 1 and Corollary 1 of |YW71| ). For the more general setting of stochastic partial 
differential equations used here we appeal to recent results of |Kur07| in order to obtain: 

Theorem 1.3. Assume that the assumptions of Theorem and therefore also of Theorem \1.1\ 
hold. Let (n, {J^t)t>o, P) &e « filtered probability space with adapted colored noise W and let 
Xq e Ctcm be To-measurable. Then there exists a strong adapted solution X to with respect to 
the prescribed Xq and W. 

Proof. We want to use the terminology of |Kur07| . In order to apply the results we need to specify 
the space on which the noise W can be realized. One can show, see Lemma 3.3.14 of |Ripl2| 
for details, that the Sobolev space H~''^^{M.'') is an appropriate space, which is Polish. Now set 
5*1 — C(R+, iJ~^^^(R'^)) and 5*2 = C(M+,Ctom), which is the sample path space of the solutions, 
and formulate the SPDE ([T]) as in Example 3.9 of |Kur07| . By Theorem ll.ll we know that there exist 
compatible solutions (see Lemma 3.2 of [Kur07) for a compatibility criterion which is applicable 
for weak solutions) and by Theorem 11.21 we have pointwise uniqueness for compatible solutions. So 
we can apply Theorem 3.14 a) => b) of |Kur07| . More details can be found in the proof of Lemma 
5.1.1 of |ropT2] . □ 

We want to conclude this section with a number of remarks regarding the Holder continuity 
condition on a stated in ([5|): 

(a) When (g]) holds, it suffices to assume ^ for \X - X'\ < 1. Indeed, (O (with any 7 > 0) is 
immediate from Q for \X -X'\>1 with AqIt) = 2c4, Ai = 0, A2 = 1. 
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(b) Condition ([5]) implies the following local Holder condition: For all K > 1 there is an Lk so 
that for all t e [0,K] and x G B^O,K),X,X' e [-K,K], 

\ait,x,X) - ait,x,X')\ < Lk\X ~ X'\\ (9) 



2 Proof of Theorem D 

The proof of Theorem ll.2l is inspired by the idea of Yamada and Watanabe |YW71j that was already 
used in |MPS06j and |MP11) . We closely follow Section 2 in |MP11) as most of the ideas can be 
transferred from white to colored noise and also to the multi-dimensional setting. 

Now consider Theorem 11.21 and assume its hypotheses throughout. Let X^ and X^ be two 
solutions of ([T]) on {fl,J^, {J-t)t>o, P) with sample paths in C(IR+,Ctcm) a-S., with the same initial 
condition, Xq = Xq = Xq S Ctom, and of course the same noise W. We start by observing that X' 
for i = 1, 2 satisfy the distributional form of ([T]): For $ g C^{M.) we have that 



X\t,x)^{x)dx ^ / X'^{x)<^>{x) dx 



J X\s,x)^A'S?{x)dxds 



a{s,x,X'is,x))<S>{x)W{dsdx) (10) 

b{s,x,X'-{s,x))^{x) dxds > a.s. 

In fact, for adapted processes with sample paths in C(R+,Ctcm), the mild formulation ([7|) is 
equivalent to the distributional formulation ((TU)) of solutions to ([T|), see page 1917 of |MPS06) . 
Let for any K > 1 

Tk = inf{s > : sup(|Xi(s, y)] V \X'^{s,y)\)e-^y^ > K} A K (11) 

V 

be a stopping time. Since X'' € C(M+,Ctem) we have Tr- — ^ oo for ii' — ^ oo. Up to time Tr- 
condition ([5]) implies that 

\a{t,x,X) - a{t,x,X')\ < Roe^'\''\\X - X'\^ (12) 

for some Ro,Ri > 0. Thus, a stopping time argument allows us to prove Theorem 11.21 for a where 
([5]) is replaced by (see the text after (2.30) in jMPll] for more on the sufficiency of this 
argument). 

In order to apply an argument similar to that of Yamada and Watanabe we set for any n G N 
as in |MP11| 

an = exp{-n(r7, + l)/2}, 
fix a positive function ipn € C°°(M,R4-), such that suppi/^n C (a„, a„_i), V'n(a^) < and 

an-l 

Tpnix) dx — 1. 

As this function approximates a (5- function at zero as n — oo, we define 

r\x\ rv 

(j)n{x) :^ / dy dzipn{z), x <E R, (13) 
Jo Jo 

which then approximates the modulus. More precisely, we have 

4>n{x) — >■ \x\ uniformly in x € R, (14) 
|0^(a;)| < 1 for aU a; e R and (15) 

< ^ for aU X 7^ 0. (16) 
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Next we fix a point a; g M"^ and to > and a positive function $ e C^(M'',M+) such that 
supp$ C B«(0, 1) and / ^iy)dy = 1. Let = ■m'^<^{m{y - x)) for m > 0. 

Define the difference of the solutions 

u := -X^ 

and note that we can write down an equation of the form (|10p for u. Let (•, •) denote the scalar prod- 
uct on L'^{E3) and assume t e [0, t^]. We apply the Ito-formula for the semimartingale (ut(-), $™(-)), 
which is the difference of the two semimartingales given in (jlOp , with as in (|13p in order to obtain 



$;")) y, y)) - ^^(s, y))) ^^{y) W{ds dy) 





t 



ds dw dzV'„(|(w„$^)|)$;"H$™(z)fc(«;,z) 



1 

2 , 

X (cr(s, w, -'f "'"(s, w)) — cr(s, w, X^(s, ui))) (cr(s, z, X"'"(s, z)) — cr(s, z, X^(s, z))) 
<P'Mu,,K')) {Hs, y, X\s, y)) - bis, y, X\s, y))) $^'(y) dyds. 

We integrate this function of x against another non- negative test function g C^{[0,to] x 
Choose Ki G N so large that for A = 1, 

\\Xo\\x < Ki and T = {x:3s<to with *,(a;) > 0} C B'^{0,Ki). (17) 

We then apply the classical and stochastic versions of Fubini's Theorem, see Theorem 2.6 of |Wal86j . 
The expectation condition in Walsh's Theorem 2.6 may be realized by localization, using the 
stopping times Tk for K — > oo. Arguing as in the proof of Proposition IL5.7 of |Per02| to handle 
the time dependence in 5* we then obtain that for any t G [0, to], 

(0„((w,, 

^^(K, (y), {a{s, y, X\s, y)) - <j{s, y, X\s, y))) W{ds dy) 

2 , , dxdzi;dz^',(x)^„(|(7/„$^)|)$;"H$™(z)fc(u;,z) 

X (cr(s, w, X^(s, w)) — a(s, w, X'^{s, w))) ((t(s, z, X"'"(s, z)) — a(s, z, X^(s, z))) 

+ / (0„((m„ $!")), (18) 
Jo 

+ j j (0U(«.,*™»<f"(2/),*.) (&(s,y,Xi(s,y))-6(s,2/,X2(s,y))) dyds 
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Now set nin = o-n-^i — exp{(ri — l)n/4} for n G N. This choice of m„ differs from that in |MPS06| 
and is essential for the improvements that are made here to the results in |MPS06] . in particular 
to their Lemma 4.3. 

We quote essentially Lemma 2.2 from |MPS06] (where m„ is used for m) and add a last point 
treating I™"'^{t): 
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limsupE(/2""'"(tAr)) <e( /" f \u{s,x)\-A^s{x)dxds). (20) 
lim E(/r"'"(tAT)) =E( / \u{s,x)\-^s{x)ds]. (21) 



Lemma 2.1. For an?/ stopping time T and constant t > we have: 
(a) 

E(/""^"(t A T)) = for all n. (19) 

(b) 
(c) 
(d) 



lim E(/r'"'"(t AT)) < BE( / |M(s,x)|^'j2:)ds) mf/i B as in m. (22) 

Proof. The points (a), (b) and (c) are proven in Lemma 2.2 of jMPS06| . We only need to show the 
last point (d), for which we follow (2.48) of [MPllj . Since |?!)J,(a;)| < 1 for aU a; G M« by ^ 
implies that for a stopping time T, 

I^-"{tAT)<B / \u{s,y)\^^-iy)^SJsix)dydxds=:Bi^itAT). (23) 



JR2<! 

The integral over y converges pointwise in x and s due to continuity. Using ([8]) we can obtain an 
integrable bound for this integrand and Lebesgue's Dominated Convergence Theorem thus implies 

for n oo, 

I^{tAT)^J J \u{s,x)\^ six) dxds a.s. (24) 
and hence in since, again by dH), (/|'(t))„gN is L^-bounded. □ 

It will be which will mostly concern us for the rest of this work. In its integral 

definition we may assume |a;| < Ki by (fTT]) and so \w\ V \z\ < Ki + 1. U K > Ki, s < Tk and 
\w\ < Ki + lwe have by (HU 

\X\s,w)\ < ifel""! < i^e^^^+i) =: K' for i = 1,2. 

Therefore ([3]), ([9]) and the fact that i/^nix) < ^l{a„ < x < a„„i} show that since K' > Ki + 1 
for all t e [0,to], 

/3""+^'"+'(t ATk) (25) 

rtATK r 

< f / / 2(n+l)-i|(?..,$-"+^)|-il{a„+i < |K,<J>™"+0| <a„} 

X L^,|M(s,w;)p|u(s,z)p$™"+nw)$;""+n^)(h« - -^1"" + l)'^ s{x) dwdzdxds 



< 



tATK 



<^K'anil / / l{«n+l < IK,*^"^^! < ar.}\u{s,wr\u{s,z)r 

Jo JR^i 

X $™"+i(u;)$™"+i(z)(|w - z\-" + l)^s{x) dwdzdxds. 
We note that a,^^-^ = Thus, as the quantity of interest we define 



J"(t) = a-i-^/" / / l{|K,cI>™"+OI <«n}Ks,t^)n"(s,--)r (26) 

(10)$™-+! (;:)(|u; _ ^|-" + l)^'^(a;) dwdzdxds. 
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Proposition 2.2. Suppose {UM.n,K ■ M,n,K G N, A' > Ki} are Tt-stopping times such that for 
each K e N^-^S 

{Hi) UM,n^K < Tk for all M, neN, 

U M,n,K Tk as M oo for all n e N, 
lim sup P{UM,n,K < Tk) = 0, 

M-)-cx)„gN 

and 

{H2) lim E(J"(io A UM,n.K)) = for all M e N, 

are satisfied. Then the conclusion of Theorem \1.2\ holds. 

The proof of this proposition is the same as the proof of Proposition 2.1 in [MPllj . here 
using Lemma [2. II What one shows is that {t^x) 1— > E[u(t, a;)] is a non-negative subsolution of the 
heat equation with Lipschitz drift started in 0. Hence, two solutions coincide pointwise and so by 
continuity of paths we have: = . We omit the details and refer to the proof of Proposition 
2.1 in jMPll) . 

Observe that all that is left for the proof of our main result, Theorem 11.21 is the construction 
of the stopping times UM,n,K and the verification of {Hi) and {H2). As these steps are extremely 
long we want to give a heuristic explanation for the sufficiency of a < 2(27 — 1) leading to {H2) 
even if we will not yet discuss the construction of the stopping times, which is done in Section [51 

Notation. For t,t' >Q and x,x' € M« let d{{t,x), {f ,x')) = y/\t' -t\ + \x' - x|, where | • | always 
denotes the Euclidean norm on the corresponding space. 

Note that the indicator function in the definition of /" in ([26ll implies that there is an xq G 
B'^{x, y/a^J such that |M(s,i;o)| < On- If we could take xq = w = z wc could bound /"(t) by 
C(t)a;^^"^/"""/^+^'' using that for C = C{q) 

f dw;dz$r"+^H$™"+n^)(k-^r" + l)<C^<+i, (27) 

see page 1929 of |MPS06) . Thus, {Hi) and {H2) would follow immediately with UM,n,K = Tk. 
(The criticality of a < 2(27 — 1) in this argument is deceptive as it follows from our choice of m„.) 
Thus, in order to satisfy the hypotheses of Proposition 12 . 21 wc now turn to obtaining good bounds 
on |u(s, w) — u{s, xo)\ with \xo — w\ < 2y/a^. The standard 1 — a/2 — £-H61der modulus of u (see 
Theorem 2.1 in |SSS02j ) will not give a sufficient result. In |MPS06) . provided that a < 27 - 1, 
the Holder modulus near points where u is small was refined to 1 — e for any £ > 0. More precisely, 
let 

Z{N,K){uj) = {{t,x) e [0,Tr-] X B'^{0,K) : there is a {io,xo) e [0,Tk] x W such that 

|u(fo,io)| <2-^ and d{{io,xa), {t,x)) <2-^}. 

Theorem 4.1 of jMPS06| then states (see Theorem 2.2 in |MP11I for the formulation used here): 

Theorem 2.3. For each K eN and < ^ < A 1 there is an Nq = Nq{^,K,uj) G N a.s. such 
that for all natural numbers N > Nq and all {t, x) G Z{N, K), 

d{{t', x'), {t, x)) < 2-^ and t' < Tk implies \u{t' , x') - u{t, x)\ < 2"^«. 

Theorem 4.1 of |MPS06j is stated and proved for equation ([1]) without a drift. For the necessary 
changes to include the drift we refer to Section 9.9 in |Ripl2| . 

We now argue how this locally improved Holder regularity can be used. As already mentioned 
after ([27| the choice of m„ is crucial. It is related to the locally improved Holder regularity and so 
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for the moment set m„ = On-i ^^r some Aq > 0. We will take the liberty to use the approximation 
m„ « cin^° the following heuristic argument. Then for {H2) it suffices to show 

r{t)^a-' f f <a„}|u(s,u;)rms,z)r (28) 

Jo Jr^i 

$""+i(w)$™"+i(z)(|w- zp" + l)'^six)dwdzdxds ^ as n -> 00. 

For X fixed, the point xq mentioned before p7p will now lie in -B^(x, m^^) and on the other hand only 
those w and z with jui — a;|V|z — a;| < wiU appear in the integral ([SS]) . So w, z S B'^{xo,2a^'>). 
Theorem 12.31 implies that for a < 27 — 1 

u{t, •) is ^-Holder continuous near its zero set for ^ < 1, (29) 

which allows us to bound \u{s,w) ~ u{s,xo)\ by (20^")^, and therefore |-u(s,w)| by a„ + 2a^°^ 
which in turn is bounded by 3a^°^ if Aq < 1. We can use this and ([27]) in (^5)) to bound /"(i) for 
< Ao < 1 by a constant times the following 

a-^-""^" J ail"^^'f^s{x) dxds < ta~^+^"^^'^'^-°^ ^ as n -> 00, 



if 27 — 1 > a and we choose Aq,^ close to one. This was just the result in [MPS06| . However, in 
Theorem 12.31 the restriction by 1 in the condition ^ < -jrr^ ^ 1 seems unnatural and not optimal. 

To obtain an improved result we need to extend the range of ^ beyond 1. We will obtain a 
statement close to the following one: 

Vm(s, •) is ^-Holder on {x : u{s, x) w V(s, a;) sa 0} for C < 1, (30) 

where Vu denotes the spatial derivative (in a loose sense as u is not differentiable). Actually, we 
cannot really write down (|30|) formally, but some statements come close to it, e.g. Corollarv 15.101 
for m = m + I. 

At this point we would like to note that a similar argument as in |MP11) shows that, using the 
techniques for a > 2{2j — 1), we will not be able to improve (l30l) to 

u{s, •) is on {x : u{s, x) ~ Vm(s, x) w 0}. (31) 

So we can extend the range of ^ up to 2 — e, but not beyond with this technique. 

Assuming a < 2(27 — 1) and (|30p . we outline the idea of how we will be able to derive (1^5)) . We 
choose = /3o</?i<---</32^=/3<oo,a finite grid, and define 



/„.i(i):=a„^ " / / Ij .(^)ix)\u{s,w)p\u{s,z)\' 
Jo Jr^i 

$^"+i(w)$;""+i {z){\w - z]-" + 1) dwdz ^s{x) dxds, 

for alH = 0, . . . , L, where 

4.(s) = {xeE« : |(u„<i>™"+0| <a„,|V?x(s,x)| G (af"+\af"]} 
for i < L and for i = 0, 

Jn,o{s) = {2: e M« : \{us, $^"+01 < a„, \^u{s,x)\ > a^'} 

and for i = L, 

JnAs) = {x e M« : < a„, \Vu{s,x)\ G [0,a^]}. 
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Since 

L 

our goal of proving /" [t) will be attained, if we can show that 

La (0 for aU i = 0, . . . , i. (33) 

For a grid of /3i fine enough we will be able to replace the condition that the absolute value 
of the gradient is contained in (af'^^^a^'] in the definition of Jn,i{s) by the condition that it is 
approximately equal to a^' for i — 1, . . . ,L. Note that due to the boundedness of the support of 
for X g Jn,i{s) there must be i;„(s) G B'i{x,a^°) such that \u{s,Xn{s))\ < a„. By (PT|) we have 
for w e B'^{x,a^°) and [xn{s),w] the Euclidean geodesic between the two points: 

\u{s,w)\<an+ sup \\7u{s,w)\ ■ \Xn{s) — w\ 

u}fE „ (s) .w] 

< a„ + sup {\\7u{s, x)\ + \iu — x\^)\xn{s) — w\ 

[Xn (s) .to] 

< a„ + (a?: + 2a^«)a^ 

< 7(a„ Va^*+^), (34) 

if we choose Aq = ^, which is the smallest possible value for balancing the terms. Similarly, Pi < ^ 
is optimal in (p4| . If we put this estimate into (|32|. then we can bound In,i{t) by 

a,T'"* (a^T V a^^'^'+^) ^ ^ t ^(,) (a;)$^"+i (w^)*^"^^ (^)(k - ^1"" + l)*s(a;) dwdzdxds 

and ((?7|) leads to the bound 

an'~--'^{al''yal'r0^+^) f f Ij^ {x)dxds, (35) 

Jo JBt(Q,Ki) 

for some iiTi > 0, since is compactly supported. If Pi is rather small, we find ourselves in the 
situation that the Holder estimate p4p is not that strong. With a choice of Aq = 1 we would 
have gotten back to the case a < 27 — 1, since small Pi corresponds to neglecting the estimate 
on derivatives. However, particularly in that case we can give a good estimate on |J„i(s)|, the 
g-dimensional Lebesgue measure of Jn,i{s)- 

But, let us first consider /J^ — /?. Then, by the estimate in p5p we have 

LAt) < Ctial''-'---^' V ai'^^^'^'-'-i-/') ^ 

as n — >■ 00 as long as we require Pl = P > 1/2. From this and the considerations just after ([Ml), we 
know that it should suffice to choose P = 1/2, or more precisely, choosing P smaller will not lead 
to an optimal result, whereas P > \ will not improve the result. 

We still need to check the convergence for i = 0, . . . , L — 1 and write in order to simplify notation 
P = Pi and J„ = Jn.i{s)- From (|3T|) we see that if a; € J„, then there is a direction a^. G S**^^ := 
{x S : |a;| = 1} with • Vit(s,?/) > if |y — a;| < La^^ for an appropriate constant L and 
(y — x) II (Ta;, meaning that (?/ — a;) is parallel to o^. Assuming for the heuristic that u{s,x) > —an 

1/2 o^/^ 

(which we only know precisely for a point a;„(s) € B'^{x, a„ ) due to \ {us, $2^" )| < a„) we obtain 
because of the positive gradient for y € a; + R+a^ by the Fundamental Theorem of Calculus: 



u{s, y) > an if 4a^ < \y - x\ < Laf/^. 
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Similarly, one can also show (but we will not go into details here) that, by adapting L appropriately, 
if x, z e J„ and — z| < La^^ ^ we also have for z' G z + • [4a^~^; La^^\ that u(s, z') > a„ and 
thus z' ^ J„. So for a; G J„, denoting by {x + cr°''*''°} the plane through x orthogonal to a^^ we 
have 

\B'i(x,Lall^)r\J.n\<\ dz dz'l{z + cr^z' £ Jn} 

< Cia^l^y-^al-P. (36) 

Covering the box [—Ki^KiY^ with finitely many balls of radius ^a!U^ and using (p6| we obtain 
|J„| < C{L,Ki)al~'^an^'^. We can use this in ^ to get 

LAt) < +27(iA(ft+i))+i-ft-ft/« ^ ^^^--i-|-t+2,(iA(ft+i))+i-ft(i+i/e) ^3^^ 

foraU/3, < /3. The right hand side of dS?]) tends to zero for ah < /3, if-f +27(lA(A,+5))-2/3, > 0, 
for all Pi < (3, i.e. 

7>^(lA(;3+i))-H| + 2^) 

since the right hand side is increasing as a function in /3. Therefore, it attains its minimum value 
on the interval oo) for /3 = 1/2 at i(l + §). Then the estimate shows that: In,i{t) tends to zero 
for all < A < /3, if 

a < 2(27-1). 

This is what we wanted to show and ends the heuristic outline of the proof (some more details 
in the case of white noise can be found in Section 2 of jMPllj ). 

Remark 2.4. In the previous heuristics it suffices to consider one direction of the gradient. This 
will be sufficient to obtain uniqueness for a < 2(2^ — 1) rigorously. However, it is tempting to 
include further information on the gradient, e.g. Vm « (a^ , ,••■)• We believe that no further 
improvement can be achieved, since ([M)) only requires the size of the principal component of the 
gradient. 

3 Verification of the hypotheses of Proposition 12.21 

In this section we make the heuristics of the previous section rigorous in the sense that we derive 
hypothesis {H2)- This proof relies on the definition of sets similar to the ones defined before ([5^ 
and on ProDOsition l3.2[ whose proof is given in SectionlHland contains the verification of hypothesis 
(Hi). 

We follow the arguments of Section 3 in [MP 11) and will also restrict our attention to the case 
6 = for notational convenience. All of the results can be extended to non-trivial b satisfying the 
Lipschitz condition ©, for more details we refer to Section 8 of [MPllj or Section 9.10 of |Ripl2| . 
Otherwise, we assume the setting of the beginning of Section [31 That means that and X'^ are 
two solutions of the SPDE ^ with the same noise W and u := X^ ~ X'^ is the difference of the 
two, i.e. 

u{t,x) ^ J J pt^s iy-x)D{s, y)W{ds dy) a.s. for alH > 0, a; € R'', (38) 

where D{s, y) — a{s, y, X^{s, y)) — a{s, y, X^{s, y)) which by (IT^ obeys 

\Dis,y)\<Roe"-\y\\uis,y)p. (39) 
Let {Pt)t>o be the heat-semigroup acting on Ctom- For 5 > set 

ui,5(i,a;) := Pa(M((t - (5)+, •))(a;), U2,s u - ui^s- (40) 
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With the help of the Stochastic- Fubmi-Formula (Theorem 2.6 in |Wal86l . where locaUzation with 
Tk and ([8]) are used for the condition on the expectation) reformulate that for 5 <t to 

At~s)+ . 

ui^s(t,x) = J j pt-s{v - x)D{s,y)W{dsdy). 

We define the following functions 

Gs{s,t,x) = P(t-s)++5{u(s-S)+){x), (41) 
Fs,i{s,t,x) = -d,,Gsis,t,x), l<l<q, (42) 

for which we easily obtain uij{t, x) — Gs{t, t, x). We denote by 

Pt,i{x) = dxiPt{x), I <l < q 

the spatial derivative of the heat-kernel. Then the following result holds, which is analogous to 
Lemma 3.1 in [MP 11] and the lines preceding it and has essentially the same proof: 

Lemma 3.1. The random fields Gs and Fgj are both jointly continuous in {s,t,x) G x W and 

ris-5)+ r- 

Gsis,t,x)= / / p(tys)-r{y - x)D{r,y)W{dr dy), 

Fs,i{s, t,x) = J J P(tvs)-rAy ~ x)D{r, y) W{dr dy), where 1 < I < q. 

Additionally, ui^g and U2_s are both C{R^,Gtcm) -'valued. 

Note that for the special choice of s = t in the previous lemma we have that 

At-5)+ . 

dxiUi^s{t,x) = - y J pt-r,i{y - x)D{r,y)W{dr dy) = -Fsj{t,t,x). 

For {t, x) eR+x M« and n e N let 

B„{t,x) {y e R'^ : \y - x\ < ^„ \u{t,y)\ ^ M{\u{t,z)\ : |z - a;| < ^}} 
be the set of points with the smallest w- values in a certain neighborhood close to x and let 

Xji (t^ x) 

be a measurable choice of a point in Bn{t,x) (e.g. with the smallest first coordinate, if this does 
not suffice to uniquely select a point, take the smallest second coordinate and so on). Let us fix 
two positive but very small constants eo,ei throughout the paper 

£i e (o, ^(2(27 - 1) - a)^ , eo G (^0, ^(1 - 7)ei) . (43) 
Let L = L{eo,ei) = bo ^(1/2 - 6ei)J e N and set for i = 0, . . . , i 

= ^eoe [0,i-6ei], A, = 2(A + ei) G [0, 1] (44) 
and /3l+i = i — ei. So alltogether for i = 0, . . . , L + 1: 



A€[0,i-£i]. (45) 
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We define the following subsets of W : 

J«.o(s) ■.= {xeR'' : \x\ <Xo,IK,$""+OI <an,|Vui,a„(s,Xn(s,x))| > ^]}, 

JnA^) ■■={xem.'^ : |x| <ifo,|K,*™" + OI <«n,|V7/i,„„(s,f„(s,x))| < 4^]}, 

and for i = 1: 

Recall ([26]) and observe that for t > 0, rt G N: 



x)\u{s, w)y\u{s, z)p 



L(eo,ei) 

=: E ^".^W- (46) 

To verify the hypotheses of Proposition 12.21 it suffices to show the existence of stopping times 
UM,n,K satisfying {Hi) as well as for i = 0, . . . , L, 

{H2 lim E(/„ ,(ioA[/M u.k)) = for all M,K eN with K > Ki. 

We will get to the definition of these stopping times in Section |6l We now define 

o-i := (Tx{n,s) := VMi,a„(s, x„(s, a;))(|Vui,Q„ (s, x„(s, 
as the direction of the gradient Viti,a„ at the point i„(s,x) close to x. We also set 

where dependence on f3i is not written out explicitly if there are no ambiguities. 
To get (i?2.i) we need to derive some properties of points in Jn^i- Therefore, set 

JnAs) :={a:eM« : \x\ < A'o, I K, $""+0 1 < 

■ ,,eo(s,a;') > a^Vl6 for all x' £ W s.t. \x' - x\ < bLiM 

and Iw^^^.o (s, x') - M^^^.o (s, < ^-^^'a^' {\x' - x"\ V al'^"^^""^' V a„) 

for aU x',x" £ W s.t. - a;| < 4^^, - < r„(/3o) 
and |m(s,x')| < 3al^~^°)/2 for all x' e M« s.t. |x' - x| < ^o;;;}, 

JnA^) e : < Ko,\{Us, $^"+01 < an, 

|Vm^ (s,x')| < a^^ for aU x' G s.t. \x' - x\ < Un{PL) 

and 1^2,^^, (s, x') - u^^^A, (s, x")\ < 2-''a?-+H\x' - x"| V a|'^-^"+^-'^^ V a„) 
for ah e E« s.t. |x' - x| < 4^^, - x'| < 
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and for i — 1, . . . , L — 1: 

JnA^) e 1^1 < Ko, + < an, 

|Vm^^^.,(s,x')| < a^' and a, • Vu^^^a. (s, x') > a^-+Vl6 

for all x' e M« s.t. |x' - x] < 5f„(A) 
and ^A. (s, x') - (s, < 2-^^a^^^+' {\x' - V a|^^"'''+'"''' V a„) 

for all a;',a;" G M'' s.t. |a;' - a;| < 4^^, - < LiPt)}. 

We also define two deterministic constants 

HMiei) = inf{n > 1 : a^^ < 2-^^-*}, no(eo, ei) = sup{n G N : < 2-<"°"'^'} 

and will from now on always assume that 

n> nM{ei)V no{eo,ei). (47) 

The next proposition shows that we can ultimately estimate the size of the sets Jn,i{s) instead 
of that of Jn,i{s) : 

Proposition 3.2. J„,,;(s) is a compact set for all s > 0, i Cz {0, . . . , L}. There exist stopping times 
UM,n,K satisfying (Hi) such that for all n > tim, i G {0, . . . , L}, and s < UM,n,K, 

Jn,i{s^ d Jn,i{s^. 

The proof of this proposition can be found in Section[6l We will use this proposition to show {H2,i) 
at the end of this section. We need the following notation for i g {0, . . . ,L}: 

IM := (129ai-^'+0Va|^^'^'+^"^^\ 

where we omit the dependence on (3^ if there are no ambiguities and obtain: 
Lemma 3.3. // i G {0, . . . , L} and n > ^^(ei), then 

Proof. 

< 1 

by P5)) . (05]) and because a^l < by (|T7l) . This gives the first inequality. For the second one, 
use f3i < i — 6ei and (|T7l) to see that 



^Inm-' = al < al' < 1/2. 

□ 

We give some elementary properties of the sets Jn,i(s). 
Lemma 3.4. Assume s > 0, i E {0, . . . , L}, x E Jn.i{s), x' E and \x' — x\ < '^yfa^. 
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(a) lfi>0, x" e W s.t. \x" - x'\ < IniPi), then 

\u{s, x") - < 2a^^{\x" - x'\ V al'-^~^'+'~''^ V a„). 

(b) Ifi<L, x" e M« s.t. {x" - x') II and a|^^"'''+'"^'^ V a„ < \x' - x"\ < then 

. „, , ,J>2-Sa^'+^|x"-x'| z/(x"~a;')-<T, >0, 

UiS, X ) — UiS, X ) < ^ a 

^' ^ ^' -2-5a^'+^|a;"-x'| <0. 

(c) Let y £ Jn.t{s), \x ~ y\ < Tn{Pt). Additionally let y' ,y" e s.t \y-y'\ < {y" -y') \\ 
and \y" - y'\ e {ai^^'^'+'''''> V a„, [„(/?,))• Then 



u{s,y") - u{s,y') 
(d) If i > 0, then for |?i; — x| < y^a^ 



,J>2-5a^-+^|j;"-y'| if{y"~y')-a,,>0, 



<-2-5a^^|2/"-2/'| if{y"-y')-a^<0. 



\u{s,w)\<5a?:+'/'. 
Proof. To prove (a) let be as above. Since 

\x' -x\V \x" -x\< V (4V^ + r„(A)) < 5lnW^), 

the distance to x of any point on the hne between x' and x" is bounded from above by bln{Pi)- By 
the Mean Value Theorem and the definition of Jn,i{s), we get 

\u{s,x") - u{s,x')\ < |u^^^A,(s,a;") - u^^^x,{s, x')\ + \u^^^>.^{s,x") - u^_^x^{s,x')\ 

< ai^\x" - x'\ + 2-75„ft+i(|^" _ V al}^-^'+'~'''> V a„) 

To prove (b) w.l.o.g. consider {x" — x') ■ > and so estimate analogously to (a) (remember that 
[•, •] denotes the Euclidean geodesic between two points in W^): 

u{s,x") - u{s,x') > inf [Vu (s, y) • {x" ~ x)] - \u (s, x") - u (s, x') \ 

y<£[x',x"] '^'"i 

> (af'+^ /16)fT, • {x" - x') - 2-^5af*+i \x" - x'\ 

> {ai^^- /i2){x" - x') ■ a,. 

Next, we prove (c) using that \y' — a;| V \y" — a;| < ^^0^+ f„(/3i) + Ini^i) < blniPi)- 

u{s,y") - u{s,y') > irif [Vu a, (s, z) • (y" - y')] - |m A,(s,y") - w a,(s,?/')| 

> (af^+7i6)(y" - y') ■ <y. - 2-'^af;+M2/" - y'\ 

>(a^V32)(y"-y')-'^x, 

where, in the next to last inequality, we used that x G Jn,i{s) for the Vu^ ^A^-part and y £ Jn,i{s) 
for the u„ a. -part. 

2. an 

Finally, prove (d) much in the same way as the previous claims: We have \xn{s,x) — w\ < 
\xn{s, a;) — x| + |a; — wl < 2.^0^ < ln{Pi) by Lemma 15751 So we can apply (a) for x' = a;„(s, x) and 
x" = w to obtain 

|m(s,w)| < \u{s,Xn{s,x))\ + \u{s,Xn{s,x)) - u{s,w)\ 

< a„ + 2af;(|u;-i„(s,a;)| Va|^^^'^'+'~''' Va„) 

since a^^''^ /3,+i+ei) ^ again by Lemma 13.31 □ 
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Now, define 



F„(s,a;) := = / ^"'"+'{z)u{s,x + z) dz. 



The next lemma provides some conclusions that can be drawn about points that lie in Jn,i{s) for 
i e {0, 1} and s e M+. 

Lemma 3.5. Assume i G {0, . . . , L — 1}, s G R+. 

(a) If X & Jn,i{s), X with {x — a;) || and IniPi) < \{x — x) ■ a^l < ln{Pi)j then 

p. ~._^( J>2-5a^'+i|i-a;| , >0, 

(b) If x,y G J„,i(s); \x - y\ < Tn{Pi)- Then for y e W, such that [y - y) \\ and IniPi) < 
\y — y\ < UiiPi) it holds that 

y ^ Jn.i{s)- 

(c) If X e Jn,i{s), z e R'? and \x - z\ < ln{l3i)/2, then 

dbt{z + a^be J„,,(.s)nS«(xJ„/2)}< 2?„(/3,). 



'(-(„/2J„/2) 

Proof. For (a) assume {x — x) ■ £ [In{f3i),ln{f3i)]- Then 

Fn{s,x) - Fn{s,x) ^ / $™"+^ (z) (u(s, X + z) - u(s, X + z) ) dz. 

Clearly, |z| < ^/a^ and for x" = x + z,x' = x + z, we have 

\x'-x\ < {x" -x') = {i~x) II a„ |a;'-x"| S 

Therefore, we can apply Lemma [3]4] (b) in the case (a; — a;) > to obtain 

Fnis,£)~ Fnis,x)> ( $™"+i(z)|i-x|2-^a^'+Mz 

> 2-5a^'+i|i-a;|. (48) 

The same can be done in the case [x — x) ■ Ux < 0. 

To show (b) use the same ideas as before, where Lemma [5^ (b) is replaced by Lemma (c), 
in order to deduce that 

\Fn{s,y)\ > |F„(s,y) - F„(s,y)| - |F„(s,2/)| 

>2-5af'+i;„(/3,)-a„ 

97 
> — a„. 
- 32 

Hence, since \{us,(p^"'^^)\ > o„ it follows that y ^ Jn,i{s)- 

For (c) assume that y = z + axb G Jn,i{s) for a certain b e [— /„/2, Z„/2] (otherwise the integral 
is anyway). Observe that 

\y-x\< |a;-z| + |&| < 1^. 
So, we can apply (b) for x,y € Jn.i{s) to obtain that 

dbl{z + axbe JnAs)riB''{xJn/2)} < [ dbt{y + axbe Jn4s)} <2ln{l3,). 

(-i„/2,;„/2) 

□ 
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Let Ej; be a q X (q — 1) dimensional matrix consisting of an orthonormal basis of the orthogonal 
space = {y ^ : Ux ■ y ~ and let \A\ denote the Lebesgue measure of a measurable set 

A c «i. 

Lemma 3.6. For i e {0, . . . , L — 1} and s > 0, n G N there is a constant ( [3^ = (^^q) sueh that 

Proof. Set Bx — B'^{x,ln{Pi)/4:) and cover the compact set Jn.i{s) with a finite number of these 
balls, say B^'i , . . . , B^,q' . If \x'^ -x'^\ < /„(/3j)/4, then B^'j C B'J{x"' JnWi)/^)- So, if we increase 
the radius of the balls around x'^ , . . . ,x"^ to ln{l3i)/2, it suffices to use those balls whose centers 
have at least distance Z„(/3i)/4, which we denote by a;^, . . . , a;*^. If we consider B'^{x'', Z„(/3i)/8), k — 
1, . . . ,Q, then all of these balls are disjoint. Thus, we have 

Q < K^iLm/S)-' (49) 

and also 

Q 

jnAs) c y r„(/3,)/2) n j„,,(s). (50) 

fc=l 

Next we want to consider the Lebesgue measure of the sets on the right-hand-side using some kind 
of Cavalieri decomposition and Lemma [33] (c). Fix fc G {1, . . . , Q} and denote by C{q) the volume 
of the g-dimensional Euclidean ball. We have 

|B«(x^^„(/3.)/2)n J„,,(s)| 

dz'l{x''+z' e JnAs)} 

B'!(0,;„/2) 

< / dz' dbl{x'' + Exkz' + a^kb e Jn,i{s)} 

J 31-^(0,1^/2) J(-r„/2,r„/2) 



< / dz'2ln{p^) 

= 2C{q~l){lAPi)/2Y~^ln{.Pi)- 

Here, we were able to apply Lemma IS.ST c) in the last inequality with z = x^ + Yj^kz' since \x^ + 
Y^xkz' -x^\ = \T,xz'\ = \z'\ < ln/2. And therefore, by (gH) and ^ for = 4 • 4«C(g - 1) we 
obtain 

□ 

We are now in the position to complete the 

Verification of the Hypothesis {H2) in Proposition [272l 

Let n > nA/(£i) V no(£o,£i), ^ > and Af G N fixed. 
First, consider i ~ 0. For x £ Jn,o(s) and |j/ — a;| < ^/a^ we have |u(s,?/)| < 3an ^"'^^ due to 
Proposition 13.21 So, we obtain in for n large enough so that ei > ^ : 

rtoAUM.n.K r 

ro\to A C/m,„,A-) < a-l-2/n327„7(l-.o) / / rf^: (x)! (x) (51) 



..y...-H.).;-(.)(|._.| 

a-'^/hoKXiMWor' (by m and Lemma 
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And this expression tends to zero as n ^ cxo since by (|43l) 

-1 - q;/2 + 7(1 - eo) + 1 - - 6ei > 7 - q;/2 - Sei > Sei > 

as well as 

2 

-1 - a/2 + 7(1 - £0) + -(7 - £1 - «^o) - 6ei > 7 - 1 - a/2 + (7 - £1 - eq) - 7ei 
a 

> 27 - 1 - a/2 - 9£i > 23ei > 0. 

Next, let i e {1, . . . , L} and assume x £ Jn,i{s), y G R'', |?/ — a;| < ^/a^. So, we can use Lemma 
(d) to get that 

|u(s,y)| < 5a^'+i (52) 
Put that into (|46l) for y = w and y = 2; to obtain that 

X / (iM;(iz$™"+i(«;)$™"+i(z)(|u;-zr" + l). (53) 
J mi 



To treat the integral in w and z, we use ([27| leading to 

/r(^oAt/M,„,if) < 25Ca-i-2/"af'^+^m^+i / / lj_(,)(x)*,(x) dxds (54) 



<C(a,g,|lM'|U,|l<f|U)a-'""^af''^+''a,T- / |J„,,(s)|ds. 

Jo 

Next, we use Lemma l3.6l in the case i € {1, . . . , i — 1} and obtain 

/r(<o A UM.n,K) < Cfl-i-^^af •^+'^a;^toC(<z)/^o«Z„(A)L(/3.)~' 

-l-f +2ft7+7+l-/3i+i-/3i-6ei 

— (_/tQ(^a„ 

, , ^-l-f +2ft7+7 + |(7-/J.+i-£i)-/3>-6eis 
V U^i ) 

Hence, it suffices to check for positivity of pi^i and p2,2 to obtain the desired result. 

Pi,i = -1^2^ ^^'^ + 7 + 1 - ft+i - A - 6ei 
= - 2 + 7 + 27A - 2/3. - 6ei - £0 

> i(2(27 - 1) - a) + 1 - 7 - 2/3,(1 - 7) - 7£i 

> 8ei + (1 - 7)(1 - 2/3,) - 7ei > ei > 
by (gSl). Additionally, note that by (gSl), 

2. . . 27-1 , l-2/3,+i-2£i 

-(7 - A+i - £1) = H 

a a a 

> i + i(l-2/3,-4£i) 
= l-A-2ei. 
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So we can calculate 

P2,i = -1 - ^ + 2^7 + 7 + -(7 - ft+i - ei) - A - 6ei 
2 a 

> -1 - I + 2A7 + 7 + 1 - /3» - 2ei - A - 6ei 

a 

> 27 - 1 - - - 8£i > £1 > 

since ft < 5 by (031). 

To finish the proof, we note that in the case i — L \t suffices to use a trivial bound on the 
integral in ([M)) and we obtain with /3l > 5 — 6ei — £0^5^ 7ei from 

„ 7-l-a/2+2(i-7£i)7-ei 

And so, we are done with the proof of Proposition 12.21 □ 



2t 



4 Heat kernel estimates 

This section will be concerned with estimates for the heat kernel in defined by 

Pt{x) = (27ri) 2 exp 
and its derivative in space 

Pt,i{x) := dxiPt{x) = ~^pt{x), 1 <l < q 

for X e M', t > 0. There are already a number of results in Section 5 of |MPS06j regarding bounds 
on heat kernels, in particular when they are connected by a correlation kernel and also in Section 
4 of [MPllj regarding the derivatives of heat kernels. Here, we will combine the techniques used 
for those results in order to obtain bounds on integrals of the derivatives pt^i that are connected 
by a correlation kernel related to colored noise. All of the proofs are put into the appendix. As 
necessary we will highlight the dependence of constants C on various quantities. 
This first simple lemma will be used frequently later on: 

Lemma 4.1. Let < tq < ri. Then there is a constant C — C(ro,ri) > such that for all 
r e [ro, ri] and a > 0, u > 1, 

a < Cu^^"- exp( — ) < Cu^/"" exp( — ). (55) 
u u 

A trivial consequence is the following Lemma 4.2 in |MP11) : 

Lemma 4.2. For the heat kernel in W there is a constant C > such that for I — 1, . . . ,q,t > 

\Ptd{x)\ < C—^p2t{x). 
The next lemma is about the integral over distances of heat kernel derivatives: 
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Lemma 4.3. For a G (0, q), K > 0, there is a positive constant C — C(a, q, K) < oo such that for 
any x' e W , < t < t' < K, 

\{pt,iiw - x) -pt',i{w - x')){pt^i{z ~ x) - pt'Az - x'))\ (\w - + 1) dwdz 



t 

A simple extension of Lemma 5.1 in |MPS06) is the following lemma: 
Lemma 4.4. For < i < t', < ri,r2,r3 < R, there is a constant C = C{R) such that 

pt{w)pt'{z)\wy' l^r^e'^^d^'l+l^l^dw - + 1) dwdz 
< Ce2'-3*'ri/2i"-^/2(i-"/2 + i)^ 

and there is a constant C = C'{K, R) such that for x,y ^ [^K, KY^ : 

Pt{x - w)pt'{y - z)|i«rH^r'e''^^l'"l+I^IH|w - z]-" + 1) dwdz 

Using the two previous lemmas we can obtain a result on integrals "outside" a certain area: 

Lemma 4.5. For all R > 2 , K > 0, there is a constant C = C{K, R) such that for all < p,r < 
i?, 770, 771 e (1/i?, 1/2), I ^ 1,. ..,q, < s <t <t' < K and x,x' e [-K,K]'': 

\W - x\P\z - x\P{pt-s,l{w - x) -pt'^sA'^ - x')){pt-s,liz - X) -pt'^s,l{z - x')) 

X l{|u; - xl > {t' - s)i/2-"o V 2\x - x'l} e''l"'-^l+''l^-^l(|u; - z\-" + 1) dwdz (56) 



< C(t - s)-i-"/2 exp(-j;i {t' - s)-2')o /256) 



,x- x'P + \t- t'\ 



t- s 

5 Local bounds on the difference of two solutions 

In this section we present the extension of Theorem 12. 3[ i.e. the results showing (in some sense) 
"Holder-continuity of order 2". This section is very similar in its ideas to Section 5 of [MP 11) . 
Hence, we do not give all of the proofs but can refer the interested reader to Section 9.4 of |Ripl2| 
for the details. First, let us recall that for n G N, 

On = cxp(— ?i(n + l)/2) 

and for {t, x), {f , x') eR+x W, 



d{{t,x),{t\x')) = ^\t-t'\ + \x-x'\. 

Define for N,K,n eN, 13 e [0, 1/2] the random set 

Z{N,n,K,/3){u}) = {{t,x) e [0,Tk] x [-K,K]'' C K+ x IR« : there is a 

{io,XQ) £ [0,Tk] X R such that d{{t,x), (io,xo)) < 2"^, (57) 
\u{io,xa)\ < On A {y/a^2~'^), and |Vui^a„ (to, io)| < a^}- 
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For /3 — define Z{N,n, K,0) — Z{N,n, K) as above, but with ttie condition on Viti_a„ omitted. 
Note that {t, x) G Z{N, n, K, (3) always impHes t < K. For 7 < 1 define recursively 70 = 1 and 



7m+l = 77m + 1 ~ f ■ (58) 



This gives the explicit formula 



(7 -a/2) (1-7"') 

7m = H z • (59) 

1-7 

Since a < 2(27 — 1) we have that 7™ is increasing to 700 — > 2 for m 00. So there will be 

an m e N such that 7m+i > 2 > 7^. Set 7^ := 7m A 2, < m < rn + 1. 

Definition 5.1. A collection of [0, oo]-valued random variables {N{a) : a £ A} will be called 
stochastically bounded uniformly in a, iff 

lim supP[iV(a) > M] = 0. 
For m G Z+, we will let (Pm) denote the following property: 

Property (P,„). For any n e N,C,eo e (0,1), K £ N^'"^^ and /3 € [0,1/2], there is an Ni{uj) = 
Ni{m,n,^,eo,K,l3) in N a.s. such that for all N > iVi, if {t,x) e Z{N,n,K,l3), t' < Tk and 
d{{t,x), {t\x')) < 2-^, then 

Ht',x')\ < a-'«2-^^[{^,V 2-"^)^"^-^ + a^M^i > 0}]. (60) 

Moreover, TVi is stochastically bounded uniformly in {n,/3). 
Proposition 5.2. Property {Pm) holds for any m < fh + 1. 

The induction start is proved as in Proposition 5.1 of [MP 11] using Theorem 12. 3[ here, instead 
of their Lemma 2.3, so we omit it. The induction step from (Pm) to (Pm+i) is a bit more technical 
and needs some preparation. It will be completed at the end of this section on page [30l 

To get there we first write down a lemma which tells us what we can get out of Property (Pm): 

Lemma 5.3. Let < m < m+1. Assume that (Pm) holds. Let ri,^,eo, K, /3 be as in (Pm)- If 
N eN and q^uj) = (la^"" + , then on the event 

{u::N> iVi(TO, n, ^, £0, K, l3), {t, x) £ Z{N, n, K, /?)}, 

we have, denoting d^ = 2~^ V d{{s, y), {t, x)), 

< VS'"""'4[(V^vJ^)^"-i + l{m>0}aa (61) 

for all s < Tk and y £ W . 

As the proof is essentially the same as Lemma 5.2 in [MP 11) ' we omit it. The lemma gives 
control on u{s,y) for y close to points in Z{N,n, K, P). To do the induction step we want to use 
this control in the estimate \D{r,w)\ < Roe-^^^^^\u{r, w)\'^ from ([M)). which appeared in 

Fs,iis,t,x)= pt^r.i{w-x)D{r,w)W{drdw), (62) 

Jo 

S > 0, < s < t, X £ M.'^ and for 1 < Z < q, see (|42|) and Lemma [O] This is related to the derivative 
of u 1.5 as given in Lemma [3.11 Using the bound from Lemma [5.31 will lead to an improved bound 
on ui^s- Later, we will also give estimates for U2,5 and the combination of the two bounds allows 
us to do the induction step at the end of the section. 
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(63) 



To estimate Fs.i we use the following decomposition for s < t < t' , s' < t': 

\Fsj{s,t,x)- Fsj{s\t\x')\ 

< \Fsj{s, t, x) - Fs.iis, t, x')\ + \Fsj{s, t, x') - Fs.iis, t',x')\ 
+ \Fsj{s,t',x')-Fs,i{s',t',x')\ 

{pt-r,i{w - x') - pt-rd{w - x))D{r, w) W [dr dw)] 
{pt-r,i{w - x') ~pt'-r,iiw - x'))D{r, w) W {dr dw)\ 
+ 1 / pt'-r,i{'u^-x')D{r,w)W{drdw)\, 1 < I < q. 

J(sAs'-<5) + 

All of these three expressions in the moduli are martingales in the upper integral bound, when the 
rest of the values a:, x' , t, t' ,{s As' — S)^ stay fixed. We want to consider the quadratic variations of 
these martingales and use the Dubins-Schwarz theorem. In order to calculate the first two quadratic 
variations we need to introduce the following partition of R'' (for fixed values of x, x' , rjo): 

£l"{r,t) =l{yeR9 : \y - x\ < {t ~ ry/^-'"' V 2\x - x'\} 
Af{r,t)=t{yeR'': \y - x\ > {t - rY^^-"^" W 2\x ~ x'\} ^ A""," {r,tf , 

whenever < r < t. For estimating (j63p . we now introduce the following square functions for 
{1,2}: 

QxSnois,'t,x,t,x')= / dr dw dz 

Jo JAl''(r,t) JAj'{r,t) 

\{pt-rA{^ ~ ~Pt-r.l{w - x)){pt^rA{z - x') - Pt-r,l{z - x))\ 

RleR^i\^\+\-\)\u(r,w)['\u{r,z)['{\w - z]"" + 1), 



T5r7o(*'^'^ ) = / dr I dw dz 



\{pt-r,l{w - x') -pt'-rsiw - x') ) (pt-r, 1 (^ ~ x') -pt'-r,l{z - x'))\ 

Rle^i(M+\-\)\u{r,w)p\u{r,z)p{\w - z]"" + 1) 



n(Ws'-5) + 

;,sis,s' ,t' ,x') = / dr I dw I dz \pt'-r,l{w - x')pt'^r,iiz - x')\ 



and 



'(sAs'-(5) + 

Rle^iiM+\-\)\u{r, w)\-'\u{r,z)p{\w - z]-" + 1). 
Now we want to establish an upper bound for 

2 

Ql°l{s, t, X, s', t\ x') = QsAs, s\t', x') + (QtAvo ^' + QxArio ^' ^' ^'))' (64) 

when s, t, x, s', f , x' are subject to some restrictions. Then (j64p is clearly an upper bound itself for 
the quadratic variation of each of the three martingales in (|63p . 
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Remark 5.4. Since we would execute the same calculations for any spatial dimension I we restrict 
ourselves now to / = 1 for the estimates on Fg^i. We already omitted this dependence in the 
definitions leading up to (|64p . Also, note that dependence of constants on the universal constants 
a, g, 7, i?o and Ri will not be mentioned in the following lemmas. 

We combine two estimates for the cases (i, j) — (1, 2), (2, 1) or (2, 2), so i + j > 3 : 

Lemma 5.5. For all K G N-^^, R > 2 there exist <^^K, R), i\ f53] (-R', uj) almost surely such that 
V77o,?7i e (l/i?,l/2), S e (0,1], /3 e [0,1/2], N,n e N, {t,x) e R+ x R? the following holds for 
i+j> 3.- Foruj e {it,x) G Z{N,n, K, l3), N > iNfg^]} we have 

t, a;', t', x') < c^'^mUt - if -"^/^ + \t - if -"^/^r - t'\ A 1)4^], 

/or allO<s<t< t', \x'\ <K + l. 

Proof. We will just give the proof for i — 2 without taking into account j, i.e. the restriction 
on z. This suffices by symmetry. Use the estimate (|39|) on D, take ^ = 3/4, m = and set 
N[^^ K, uj) = Ni{0,n,3/4:,eo, K, f3), see the definition of {Pm) in (|60|) . Also set w.l.o.g. (5 < s. 
Then, in Lemma lOl for the case m = we can take £o = as well (t [53] = C{K)2^^'-^'^/^'-^^) and 
obtain 

QxA.o(^'*'^'^'^')^l53]^ drj Jt{\w-x\>{t~r)'/^-'^«y2\x-x'\} 

{pt^r.liw - x') -pt-r.li^ - X)){pt-r,l{z - x') - pt-rAz ~ x)) 
^Rl{\w\ + \z\)^^(\w-x\ + \z^x\)j^2^l^^^ _ _^ ^) 

[2-^ V d((r, w), {t, a;))]3T/'^[2-^ V d{{r, z), {t, x))]^''^^ dwdz. 
Using d{{r,w), {t,x))'^ = + \w - x\)'^ < 2{{t-r)''/'^ + \w-xY<) and t,r < K we bound this 

by 

<E3plJ^ ' y Jt{\w-x\>{t-ry/^-"»\/2\x-x'\} 

{Pt-r,l{w - x') -~Pt-r,l{w - x)){pt-rA{z ~ x') - Pt-r,l{z ~ x)) 
^2Ri\x\^(-t+Ri){\w-x\ + \z~x\) 

\^''''^){\w- z\-^ + l)dwdz. 

With the help of Lemma 14.51 ioi t = t' < K bound this by 

,^{K, R) dr {t rT'-l- exp(~!^ii^^^)[l A ^_:^]i-n/2 

< cfO]C(if, i?)(256i?)« dr [1 A \^-^]^^m/2 

Jo I r 

< c[oC(g, R)\x-x'f-"' f dr{t~ryi^/^-^ 

Jq 

<c^{K,R)\x-x'\'-^\ 
where we used Lemma l4.1l The proof for the temporal estimate is similar but we omit it here. □ 
Next we need to consider the distances for the cases i = j = 1. 
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Lemma 5.6. Let < to < m + 1 and assume that (Pm) holds. For all K G N-^^, i? > 2 n G N, 
/3 £ [0,1/2], Eo G (0,1), there exist g| (JC, i?), i\^jQ](m, n, _R, Eq, -ftT, /3)(aj) e N almost surely such 
that for all rji G (1/i?, 1/2), ryo G (0,r?i/32), (5 G e N, (i,x) G R+ x i/ie following 

holds: For a; G {(t, a:) G Z(iV, n,K, f3),N > Afg^]} we /lawe 



(66) 
(67) 



+ (d A V^)2-''M-i-"/2[4^^" + ^4^] 

+ (|i - i'l A S)'-"^/^S-'-"/^[d'j^'^'" + af ^4^] 

/or all < s < t, \x'\ < K + 1. Here (In ^ \x - x'\ V 2"^ and ^ S V dj^. Moreover, iN jgj] is 
stochastically bounded uniformly in {n,l3). 

Proof. First, we estimate Qjf. Let ^ = 1 — (8i?)~^ G (15/16, 1) and set Afe^= iVi (to, n,^,eoi^, /3)- 
W.l.o.g. s > S and therefore we always have d{{r, w), (t, a;)) A d{{r, z), {t,x)) > yja^ in the integral. 
An application of Lemma [5.31 and the bound on |it; — — a;| respectively gives 

Qx!5,„o(*'^'^'*'^')^l5j^' '^^/ ^ dwdze^^-'^e^'^'^Rl^ 

{pt-r,l{w - x') -pt-r,l{w - x)){pt^r,l{z - x') - pt-.r,l{,Z - x)) 

[2^^ V ((t - r)i/2 + (< _ r)i/2-')o V 2\x - x'\)]'^'<^ 

{[2-^ V {{t - r)i/2 + it~ r)i/2-'"i V 2|a; - j;'|)]''--i + af^}^^ 

(|zx;-^r" + l). 

Let 7' = 7(1 — 27/0) and observe the trivial inequalities 

Vt^ < K'">{t~ry/^-'^'>, (68) 
\x-x'\ < C(g)i^|a;-xf-2n«. 

Then, Lemma 14.31 allows the following bound 

Q]l\,^^{.s,t,x,t,x')<<^iK) r 'dr(t-r)-i-"/2[lA^— ^] 

Jo I r 

J2-2W7 V (i - r)^' V |a;-x'|2T']« 



Using 



[2-A'7'(7..-i) V (i _ r)'''(''--i) V |x - a;'|2'/(7™-i) + , 

2-2Ar7 ^ 1^ ^,|27' < 3-2^7' v - x'^t' + (t - r)^' 

<2[4^'v(i-r)''']. 



,2/371 
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we can bound the above by 

< &iK)f 'dr(t-r)-i-"/2[lA^^^]2«(dl7'«V(i-rr'«) 
Jo I r 

2'^'"'i[(4v(i-r)r'(''--i)+af'^] 



nS — O 

< 4cf53]C(ii:) / drl{t-r > 4r}(<-r)-i-"/2+7'C[i^ 
Jo 



t-r ' 
[(t-rr'(^'"-i)+af^] 

Jo t — r 

= c[53]C(i^)(/i+/2). (70) 
We start with an estimate on /i . If r < s — (5 and t — r > then 

r<t-(i^As-(5<t-d^At-(5 = t-ljv. (71) 

Use that to obtain 

t — r ) 

We want to drop the minimum with 1 to consider 

Ji5jv 

It holds that for p G (-1, 1), < a < 6 < iC, 

liP^i < log(6/a)(aP + 6^) < 2X log(6/a)a^'^°- (72) 



Here, the first inequahty follows since for p ^ the left hand side equals ■^\\oP — which can 
be bounded using 1 — x < — logs, x > 0. For p = we even have equality. The second inequality 
follows by distinguishing cases for p negative, positive, and zero, and by noting that K ~>\. Hence, 
we have 

h < 2K\x ~ log(if/^A.)(4-i-"/'+'''«+^'('^'"-i»^° + 4-i-"/2+^'«)^°af ^). 

The log-term is bounded by C{K, R)\x — x'\~^^^'^ (use Lemma l4?T|l . Moreover, by Lemma 4.1(c) in 
|MPllj we bound 

h < (<5A |x~.f )<5-W247'«[rf-2y(7™-l) +,2,7]. (73) 

z/a 

Therefore, 

[1^ _ ^'|2-.,/2(^^-l-a/2+7'(7™+C-l))A0 ^ 4-l-"/2+7'?A0)^2^,^ 

+ {6A\x- )r i-^/^dl/'^fdl/'^^"-^) + -^j . 



25 



To finish the proof for Qx we replace ^ = 1 — (8i?) ^ by 1 and 7' — 7(1 — 2770) by 7 at the cost of 
multiplying by d^^'^/^ > S^^^^'^ since 

^7' = 7(1 - 2r;o)(l - (8i?)-i) > 7(1 - ?7i/4), hence ^7' - 7 > -7'?i/4 > -??i/4 

and 

7'(7™ + C - 1) = 7(1 - 277o)(7„i - ^) > 77,„ - ^ 

by some algebra using 771 > 32770 V R^^ . 

We will not give the proof for Qt as it is quite similar except that some exponents change 
slightly. □ 

Finally, there is an estimate on Qs: 

Lemma 5.7. Let < to < 771 + 1 and assume that (Pm) holds. For all K € N^-^S i? > 2 n e N, 
(3 G [0,1/2] , Eq G (0,1), there exist (^ji(K, R,j), I\^jlm,n, R, Eq, K, l3){uj) € N almost surely 
such that for all 771 e (1/i?, 1/2), S e [a^,l], iV e N, (i, x) e M+ x M'' the following holds: For 
uj G {{t, x) e Z{N, n,K,l3),N > Afg^^]} we /lawe 

Qs.5(s, s', i', x') < coK''" + 2'1H 

+ -s\A Sy-^^^^H{S < dl}<5-i-"/2[dl7^™ + af ^dl7] 

/or a/Z < s < s' < |a;'| < K + I. Here dN = {\t - t'\^/^ + \x - x'\) V 2"^ and Sn =Sy Sff. 
Moreover, is stochastically bounded uniformly in {n,/3). 

We omit the proof, since again it is similar to a proof in |MP11) (Lemma 5.6), here using 
^ = (3/2 - (27)-!) A (1 - (AjR)-^) as well as Lemma Ol and Lemma iril 
Notation: For s, t, s' , t' > 0, x, x' e we now introduce 



d((s, t, x), is', t', x')) y/\s-s'\ + ^\t-t'\ + \x-x'\. (74) 

As a corollary of all the previous calculations we get a bound on Q^s°rio defined in (|64p . 

Corollary 5.8. Let < to < ?7i + l and assume that (P„) holds. For all K G n^^^ , R>2,neN, 
l3 G [0,1/2], £0 G (Ojl), i/jere ea;ist R), Nf^^ m, n, R, Eq, K, I3){uj) G N almost surely such 

that for allr]i G (1/i?, 1/2), 770 G (1/i?', 7/i/32), 6 Gia„,l], N €N, {t,x) G M+ x W, the following 
holds: For cj G {(t, x) G Z{N, n,K,l3),N > TNfg^ we /laue 

Q*°; (s, a;, s', t', x') < <^a-^^^' + 2^^) J^-"^ [^-^-^/^ + r^^/^af 

for all < s < t < t' < Tk,\x'\ <_K + 1. Here, d = d{{s,t,x),{s' ,t' ,x')) from (In = 

d{{t,x), (t' ,x')) V 2^"'^ and 6n — S V djv- Moreover, iN ^gyg] is stochastically bounded uniformly in 
in,f3). 

Notation: Let us now introduce 

A„; (to, n, A, £0, 2-^) = a-'" [a-V2(i+a/2)2-JV77,. + („a/2 y 2-^)(77™-i-«/2)ao 

+ a;^^/2(i+"/2)+^^(aV2 V 2-^)^]. ^^^^ 

We note that in this definition and in the following A G [0, 1] replaces the analogous a of jMPllj . 
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Proposition 5.9. Let < m < m+1 and assume that (Pm) holds. For all n G N, 771 G (0, 1/2], £0 G 
(0,1), e N^-^SA e [0,1], /3 e [0,1/2] t/iere is an ^ %j](m, n, 771 , gp, JC, A, e N^^ 

almost surely such that for all N > A jg^ G ZjN,n, K, (3), s < t, s' < t' < Tx and 

d = d{{s, t, x), {s',t', x')) < 2'^ it holds that 

\F,.j{s, t, x) - F,.j{s', t', x')\ < 2-86g-4Ji-m A„, (m, n. A, Eq, 2"^), l = l,...,q. (77) 

Moreover, j\ [gyQ] is stochastically bounded uniformly in (n. A, /3). 

Proof. We do the proof for ^ = 1 only, see Remark 15.41 Let R — 3377f^,r/o G (i?^^, r/i/32) and 
consider the case i < t' in the beginning only. Set 

d^d{{t,x),{t',x')), 



d = V|s' - s\+d, 
(In ^d\/2-^, 

By Corollary EH] for (t, x) E Z{N, n,K,(3),N> it holds that 

Qll^^^{s,t,x,s',t\xr/' < Cf^i^,r7i)(a-- +2^^Ji-'^/2 

[(„A)-1/2(1W2)[J77™+„^.J^] (78) 
, ?(77™-l-"/2)/2A0 /3^;f(7-l-a/2)/2, 

for all s < t < t', s' <t' < Tk, \x'\ < K + 2. Therefore define for Cg = 2 + log(2 + q) 



which satisfies 

A(m, n, 2-^+1) < (2'''^" V 2'^ V 2" V 2''-^-°'/^)A{m, n, 2"^) < 4A(m, n, 2"^). 
Choose A^3 = — [Af5yg]+ N/^{K, 771)] + — (8 + 10 log 5), where is chosen in such a way that 



-8Af4 

i.e. iV4 = 7V4(an,£o,i\ [g^ qYg|) and hence A'^s = A^3(?t,, gp, iN fg^ -ft^, 771), which is stochastically 
bounded uniformly in (ti. A, p)^^ 

Let iV' e N be such that d < 2"^', which implies J^-''^/^ < 2-^'';i/4di-3.)i/4 xhen it is true 
that on the event 

{w ■.{t,x) e Z{N,n,K+l,P),N> N3,N' > N3} 

we have that 

Qll,Js,t,x,s\t',xr^' < cf^a-^" +2^^)2-^'''^/^dl-3''^/42l°°a-A(7n,r^, J^)(g^4^') 

<d^-3m/il.^(^rn,n,dN), 
16 
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whenever s < t < t' , s' < t' < Tk, \x'\ < K + 2. Recahing the decomposition of Fs^i in (|63| into 
the sum of three martingales and applying the Dubins-Schwarz-Theorem we can write as long as 
s <t<t',s' <t' and d < 2"^, 

P[|F,. t, x) - F,.,i(s', t', x')\ > d{{s, t, x){s', t', x'))'""^ A(m, n, djv), 

{t, x) e Z{N, n,K + 1,I3),N' AN > N3, t' < Tk] 

< 3P[ sup \B{u)\>d^-''^^A{m,n,dN)/i] 

< 3P[sup|B(w)| > J-"!/-*] 

u<l 

<C exp(~yV2)dy 

< Cexp(-J~"i/V2), (79) 

where we used the Reflection Principle in the next to last inequality. 

Next apply a lemma similar to the Kolmogorov-Centsov estimate Lemma 5.7 in |MP11) . which 
is used in the proof of Proposition 5.8 in [ MP 11) . For details we refer to the proof in Section 9.4 of 
|Ripl2[ . Then, we obtain for a certain which is bounded uniformly in n. A, /3: For N > A jg^ 

and {t,x) e Z{N,n,K,l3){uj), d^d{{s,t,x), {s',t',x')) < 2"^ and s < t < t',s' <t' <Tk we have 

|i^„A,i(s,i,a;) -F„.,i(s',t',x')| < 32(q + 2)4"'+1A(to, n, 2-^)(ii-''i . (80) 

Thus, 

|F,A,i(s, i, x) - F,.^^{s\ t', x')\ < 2-88q-4Ji-m (m, n, A, Eq, 2"^). (81) 

However if t' < t, then {t',x') G Z{N — l,n,K + 1,(3), and interchanging {s,t,x) with {s',t',x') 
gives the same estimate as ([75)1 so that we obtain that Q^°^{s' ,t' ,x' , s,t,x) is bounded by 4 times 
the right hand side of (f78)) . Proceeding as in the case t < t' we end up with (|8T|) replaced by 

t', x') - F,.^,{s, t,x)\< 2-86q-4ji-m A„, (m, n, A, So, 2"^). 

This completes the proof for the first coordinate. Clearly, the constants and A [gyg] can be 
chosen such that the result holds uniformly for all dimensions 1 < I < q. 

□ 

So putting things together we get for Vui_5(t,x) = {Fs^i{t,t,x))i<i<q: 

Corollary 5.10. Let < m < m + 1 and assume that {Pm) holds. Let n,rii,so, K, A and /3 be as 
in Proposition\5M For all N > A fg^ (t, x) e Z{N, n, K, P), x' G W and t' < Tr: 

d{{t,x),{t',x')) < 2"^ implies that 

|Vmi,,a (<, x) - Vui^.A [f, x')\ < 2-«55-2 ^((^^ A^^, „^ 2-^). 

This result gives us something like a Holder regularity of the gradient Vui_5 with S = a^. This 
will be helpful later. 

Recalling the definition of Jn,i, however, we just "know" the range of the gradients of ui^s for 
6 = an- But it will be helpful to find a result relating this range to the gradients of ui^g for S = a^. 
The definition of Fs.i allows us to relate these two gradients, since for (5 > a„ and s = t — 6 + an, 

dxiUl^s{t,x) = d,x^P&{U(t-S)+){x) ^ dx^Pt-s+a„{U{s-a„)+){x) 

^ ~Fa„,i{s,t,x) (82) 
= -Fa^,i{t -5 + an,t,x). 
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Note the last equality holds for any t,6,an > 0, where they are trivial ii t — S < 0. So we need 
to relate Fa„j{t — + an,t,x) and Fa^j{t,t,x). We can show a lemma on the square function 
QT,art{s^t^t,x) using Lemma [4.21 and [4.41 and ideas from the proof of Lemma [5.61 Then transfer 
that to the following proposition using the same techniques as in the proof of Proposition l5.9l For 
details we refer to Lemma 5.9 in |MP11) or to |Ripl2| . 

Proposition 5.11. Let < m < to + 1 and assume that [Pm) holds. Then for all rt G N, 771 G 
(0,1/2], eo e (0,l),if G N^^i,;9 G [0,1/2] there is an Agji]= Agjgm, n, 771, £„, i^, /3)M G N^^ 
almost surely such that for all N > N[^Ji\ {t, x) G Z{N, n, K, j3) and <t - s < A^-^/'?! it holds 
that for I — 1, ... ^ q: 

\Fa^As,t,x) - F,^At,t,x)\ < 2-'\-'a-^o [2-^(1-"^) (a^^ V 2-^)(^^"-i-"/2)ao 
+ 2^''ia-"/4(^ + 1)(2-^^^'" + a^^O;: V 2"^)^) 

+ {t- sY^-^^yHiVt~s V v^)^^--!-"/^ + a^n''iVt~s V _ 

Moreover, ii\ is stochastically bounded uniformly in (n,/3). 

There is a similar result for Gs in a special case {{t,x) ~ {t',x')), which will be needed later: 

Proposition 5.12. Let < to < to+1 and assume that (Pm) holds. For any n G N, r/i G (0, ^), Eq G 

(0,1), K G N^-^'i, A G [0,1] and /3 G [0,1/2], there is an %^ = Afgj^ ™, £0, K, A, /3) G N 
a.s. such that for all N > A fgj^ {t, x) G Z{N, n, K, P), s< 't and y/ 't- s < 2"^, 

|G,. {s, t, x) - G,. {t, t,x)\< 2-95^-^0- W4(i _ ,)(i-m)/2 ^(„a/2 v 2-^)^^" 

+ a^^(V^V2-^r]. 

Moreover, 12\ stochastically bounded uniformly in (n. A, 

The proof of this result is similar, even easier than the proof leading to Proposition 15.91 and is 
omitted here, but details can be found in Section 9.8 in |Ripl2| . 

Recall that the goal of this section was to do the induction step of (Pm), i-e. to get good Holder 
estimates on u = ui^s + 1*2,5. Now we are able to give a result for 7/1,5. 
Notation: Let 

A„, (to, n. A, £0, 2-^) = a-^°-^(i+"/2)/2 [a^+A(i+"/2)/2 + („a/2 ^ 2-^)77™+i 

+1(to > TO)a^^(i+"/2)/2 + a^(ay2v2-^)^+i] 

and 

]%J^V) = min{iV G N : 2^-^ < N-^/"^} 

for a constant 7/ > 0. 

Proposition 5.13. Let < m < fh + 1 and assume that {Pm) holds. For all rt G N, 771 G 

(0, i A (1 - f)),£o,£i e (0,1), G N^-^S A G [ei,l - £1], P G [0,1/2] there is an A f^j^ = 
7\ [5 j3| (to, n, r/i, £0, -RT, A, /3)(^) G N-^ almost surely such that for all N > A^yj3] o^*^ ^^c'^ 
satis/?/ 

a„ < 2-^(1nir^) A 2-^(lM''^^^)+^) and A > £1, (83) 
and {t, x) G Z(iV, n, K, P),t' < Tk, x' G W s.t. d{{t, x), {t',x')) < 2"^ it holds that 

[Ml,,, (t, x) - ui^,. it', x')\ <2-^°d{{t, x), (f, x'))^-''^ A„, (to, 71, A, £0,2-^). 

Moreover, -/\ [5 ^31 is stochastically bounded uniformly in {n,\,j3). 



29 



We leave out the proof since it is really the same as the proof of Proposition 5.13 in jMPllj . 
but present the key idea. By definition 

\ui^a^{t',x') - Ui,aA(i,a;)| < |ui,aA(t',a;') - ui^ai^{t',x)\ + |ui_aA(i',x) - Pt-t'{ui^ai^{t',-)){x)\ 

+ \G,>.{t',t,x)-G,>.{t,t,x)\ 
= Ti+T2 + T3. 

Then use Corollary 15 . 101 for Ti and T2 and Proposition 15. 121 for T3 to get the result. 

We also would like to obtain a similar result for U2.s. We omit its proof which is simpler than 
the previous calculations. In the statement of the result we use the following abbreviations: 
Notation: 

Proposition 5.14. Let <m< fh+l and assume that (Pm) holds. For alln G G (0, jA(l — 
f)),eo e iOA),K e N^^\ A G [0,1], /3 G [0, i] there is an A^j|]= Afe^m, 771, Eq, ^, A, G 
N almost surely such that for all N > A^jJ], {t,x) G Z{N,n, K, l3),t' < Tk : 

d o?((t, a;), {t' ,x')) < 2~^ implies that 

Moreover, is stochastically bounded uniformly in (n, A, 

We omit the proof since the ideas are the same as those leading to Proposition 15.91 and many 
steps are analogous to Section 7 in |MP11) . Now we are ready to complete this section by proving 
the induction step: 

Proof of Proposition 15. 2t 

Let < m < fh and assume (Pm). We want to show (Pm+i). Let therefore eo G (0,1), M — 
,Si = jj < eo/2, and Xi = iei for z = 1, . . . , M. Then clearly A^ G [ei, 1] for alH = 1, . . . , M. 
Let n, ^, K, (3 be as in (Pm) and w.l.o.g. f is sufficiently large such that for 771 := 1 — ^ we have 
771 < f A (1 - f ). Set r = (1 + 0/2 e (e, 1) and 



iV2(m,n,f,eo,Li:,/3)(w) = Y A fg^j^ m, n, 771, £o/2, + 1, A,, /3), 

4=1 

A^3(m,n,e,eo,i4',/3)(a;) = V %T4l("^^ 'yi, £o/2, + 1, A,, ^), 



4=1 

2 



^4(m,7i,e,£o,if,/3)(w) = r^1(%TTlV%T3l + l) =■ ^5, 

TVi = iV2 V iVa V iV4 V A^o(0, L^) + 1 G N, 



where No{C 7 K) is the constant we obtained from Theorem l2.3l By the results on each of the single 
constants we know that iVi is then stochastically bounded uniformly in (ti,/?). Let now 

iV > iVi, [t, x) G Z{N, n, K, P),t' < Tk and d d{{t, x), {t' , x')) < 2'^. 

There are two cases for the values of n to consider. We start with small n: 

a„ > 2-^=("'"'''i''^«-^''5), (84) 
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which huphes > a]!"^ > 2-^=/2. As TV > No{C,K) we get by (Pq) in the case £o = 0, 

\u{t',x')\ < 2-^«' 

< 2-^(i-«)/22JV5/22-A'«[(^ V 2-^)^"+i + a^] 

This already completes the first case. For large n, 

a„<2-^% (85) 

let iV' = iV - 1 > A^2 V ^3, which gives (f, x') G Z{N', n,K + 1, /3) by the triangle inequality. As 
([85]) holds, we can apply Proposition 15.131 with (eo/2, K + 1) instead of (eq, K). Additionally, use 
Proposition 15. 141 So we can estimate |M(to, xq) — a;')|. Before doing so we have to choose which 
partition with (5 = of u to take in the sense of PO)) and then obtain some estimates. Therefore 
select i g {1, . . . , M} such that the following holds: 

(a) If 2-^ > ^ then a^'^^ < 2"^' < a^-'^^ = a^^'/^a^^''/^ 

(b) If 2^^ < y/fVi then i ~ M and hence a^'^^ = -^o^ > 2^^ . 
Then in both cases 

a^'/2v2-^' <y^V2-^' 

and writing A = Xi leads to 

a^^^'+"/''(V^V2-^V+"/2 < (a-^(V^^V2-^'))i+"/2 

'' (a-^/'2-^')i+"/2 < incase®, 
{a-"\]I'Y+-/^ = 1 < a-*(^+"/') in case ©. 



< 



Hence in both cases we obtain a bound of 

a;;*^'+"/'^(V^V 2-^V+"/2 < a-'-^^'+'^'^\ (86) 

Furthermore we have by ^ — q;/2 < (2 — a)|, 

2-jv'(2-a)| < 2-^'«2^'t and 
2-Af'((2-Q)|+7) ^ 2-^'?2^^'(''^"/^^ 

< 2-^'«(ay2 V 2-^')'>'-"/2 > a/2). 
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Using the aforementioned propositions, the special i, ([5]) and the previous hnes we get 



|u(£o,£o) - u{t',x')\ 

+ l(m = m)(a| V 2"^)] 
+ 2-94a-^o/2 [2-^'((2-")l+7) ((4/2 V 2-^')7^^""" + 

+ 2-^'«((ay2 V 2-^')77™-a/2 ^ ai\a]l^ V 2-^>-"/2)] 

+ a-^(i+"/2)/2(^i/2 V 2-^)i+"/2(ay2 V 2"^)^^--"/2 + = m)(ay2 y 2"^) 
+ (a„ V 2-^>-"/2((ay2 V 2-^>(^"-i) + a^)+ 
+ ((ay2 V 2"^')Wi + a^7(ay2 y 2-^>-"/2)" . 



Now apply (1551) to bound this by 

89 -£o/2„-^(l+"/2)9-Ar'5 



2-»«a 



x^a7(^+"/') + af^(y^ V 2-^)^'"/2(2a7''+"/') + 1) 



+ l(m = m)(ay2 v 2"^) + (V^ V 2-^)^"+^ (1 + 2a7^'+"/'^) 



Trivially, 

(V^V 2^^)^'"+i-i + l(m = m)(y^V 2-^) < 2(Va;:v 2"^). 
Then, since £0 < ei/2 and ei > 0, 

+ (V^V2-^P"+i]. 
Now we can proceed to the last step of this statement and obtain 

|w(t',a;')| < |w(to,io)| + |w(io,io) - ,x)\ 

< V^2-^ + 2-852-^«a;;^°K + a^^(V^ V 2-^)^-"/2 + (V^ V 2-^)^"+i] 

< a--''2-^«[V^i;:2-^(i-«) + 2-85 (af _^ ^^7(2-A^ v V^)^-'^^' + (2"^ V 

Clearly, ^/a^2~^''^~i'> < < a^/2 and by ([85]) and an easy calculation (see Lemma 5.15 in 

|MPllj ) we arrive at 

Therefore, we can write 

\u{t\ x')\ < a-^«2-^«(^ + 2-«4a^ + 2-84(2-^' v V^)^^'"-"/^) 



7m+l = (77m + 1 - -) A 2. 



This completes the proof of Proposition [521 



(87) 
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6 Proof of Proposition 13.21 

Fix Kq e N-^S £o,ei e (0, 1) as in the definition (j43]) and for < /3 < 1 - £i define 

A(/3) :=2(/3 + £i)e [0,1]. 
We define four collections of random times the first one being 

UM]n,i3 = > : 3e e [0,2^*^], \x\ < Kq + l,xo,x' g R«,such that \x - x'\ < 2"^^ 
1^0 - 2:| < e, \u{t,xo)\ < a„ A {^/a^s), |Vui^a„ (i, io)| < af, and 

ATko, (89) 

whenever M, n e N, /? > 0. We define C/^|J''„ q in the same way, omitting the condition on 
|Vui.Q,^(t,xo)|. These random times are actually stopping times by Theorem IV.T.52 of |Mey66| . 

;(i) 



Lemma 6.1. For all n N, (5 as in (|45p it holds that ul^j\^ g Tkq almost surely as AI oo 



and 

lim 

' n,0</3<l/2-£i 



Proof. The almost sure convergence follows from the second statement by monotonicity of the 
probabilities in M. For the second statement use Corollary 15.101 with m ~ fh + 1 (justified by 
Proposition [FH]), rji = eo, K = Ko + 1. Then there is an No — No{n, Eq, £i,Ko + 1,/3) stochastically 
bounded in n and /3 such that for aU N > Nq, {t,x) e Z{N,n,Ko + l,l3) and \x - x'\ < 2"^ it 
holds that 

|Vui,,.(t,x) - Vu^^,.{t,x')\ < 2-85|x - x'|i-^°a-^''[a-(''+^i)(i+"/2)2-2Ar7 + y 2-^)° 

[^-^(l+a/2)2-2iV7 + 1 + „/^(7-l-«/2)(„/^+si ^ 2"^)^]. 

Note that by /3(7 - 1 - a/2) + /37 + (/? + £1)7 = /3{2j ~ a/2 - 1) + £17 > wc now obtain 

|Vui,,.(i,x) - V^.i,,.(t,a;')| < 2-^^a-^°-^^(^+'^/'^\x - x'\^--° 

[^-/3(iW2)2-2W7 + 1 + a^(7-i-"/2)2-^7]. 

We only do the case /3 > 0. Assume that M > iVo and that there is a i < Tko, e G [0,2^*-'^], 
kl < Ko + 1, xo,x' e W with la: - x'\ < 2"*^, \xo - x\ < e, \u{t,xo)\ < a„ A (\/a^e), and 

|VMi,a„(i,xo)| < 

If a; 7^ a;', then there is a iV > iVo such that 2'^-'^ < |a; ~ a;'| V e < 2"^ < 2"^°. Then 
{t, x) G Z{N, n, Kq + 1, (3i) and we can use the previous estimate. Hence, 

|VUi_„A(t,x)-VMi,„A(t,a;')l < 2-**2^-'^o-ci(l+a/2) j^. _ ^^|l-eo 

j^_/3(i+„/2)(^ V |x - x'\f^ + 1 + a^}^~^-''/^\e V\x- x'\r]. 

Therefore, t/if^„__a = and thus ¥{UM.ruf}{l) < Tk„) = P(M < iVo)- As A^o is stochastically 
bounded uniformly in (n, /3) the assertion follows. □ 
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Remark 6.2. We note that the fact that we consider sphtting at S = rather than S — an is 
essential in the previous lemma. 

Let us define more stopping times, this time with U2- For 0</3<f/2 — ei set 

UM,n,p = inf {i > : 3e e [0, 2"*^], |a;| < Kq + l,xo,x' e R«, such that \x-x'\ < 2^*^ 

\xo - x\ < £, \u{t,xo)\ < a„ A (^/a^e), |Vui^a„ (i, io)| < a^, and 

\u,,^.{t,x) ~ ^.2,a.(i,x')| > 2-8^7^" - x'|(i--o)(i-o/2) 

[{^,Ws V \x' - + a^^(e V |x' - x\y] 

+ \x~x'\'-'^'a^„+'^^'-'<^} ATk„. (90) 

And in the case (3 = we make the same definition but without the condition on |Vui.a„(t, a;o)|- 
Then, we get 

Lemma 6.3. For all n (z N, /3 as in (j45p it holds that U\j\-^ ^ almost surely as M ^ oo 

and 

hm sup P[f/1?!„,/. < Tko] = 0. 



As the proof is similar to the one of Lemma 16.11 this time using Proposition 15.141 instead of 
Corollary 15. 101 we omit it. Define 

A„; {n, ei, £0, f3) = a-'°e-'"{e + a-"/4(^„-i/2 ^ ^^(^27 + „^7(£ v V^)^)} 
and for < ^ < 1/2 - ei set 

\xo - a;| < e, \u{t,xo)\ < a„ A (y/a^e), |Vwi,a„(t, io)| < afj, and 
I Vui,,j. (t, x) - V7.i,a„ (i, x)| > 2-^4(A„, (n, £1, eo, /?) + a^^^^^-^^/^) } 
ATko. 

In the case /3 = we make the analogous definition without the condition on |VMi^a„(^,io)|- Again 
those are stopping times, and we obtain the analogous statement: 

Lemma 6.4. For all n G N, /3 as m (j45p it /loZds t/iat t^M n ;3 -^^0 ol'most surely as M ~> 00 
and 

lim sup P[[/l^;„,^ < Tko] = 0. 

*f->°°n,0</3<l/2-ei 

The proof of this lemma requires Proposition 15.111 and structurally equals the one of Lemma 
16.11 As the fourth collection of stopping times define 

[/^) =inf{t >0;3£e [0,2-*^],|x| < i^o + 1, ^o, a;' e K^a; - x'| <2-^^|a;-xo| <e 

Ht,xo)\ <e,\u{t,x)~u{t,x')\ > {eV \x' - x\)^-'"} ATko- (91) 

Lemma 6.5. Almost surely [/{^^ T/^-^ as M — ^ 00. 



This proof uses Theorem 12.31 and is similar to the proof of Lemma 16.11 so it is omitted here. 
Finally define the stopping times for 13.21 

3 
i=i 

L(eo,£i) 

Umm ~ ( \/ UM,n,Pi) A Ul^\ 
i=0 
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By Lemmas 16.11 16.31 16-4| I6.5l we have that C/m.m fulfills (Hi). Hence there is not much left to do in 
order to complete the proof of Proposition [3?2l It just remains to show the compactness of Jn,i{s) 
and Jn,i{s) D Jn,i{s) for all s < Umji- We will be mostly concerned with Jn,i{s) D J„_,;(s), show 
that in several steps and assume (l47l) throughout the rest of the section, i.e. 

< 2-^^-4 ^j^j ^ > 2-<^°^'^\ (92) 

We first give a list of three lemmas that are analogous to Lemmas 6.5, 6.6 and 6.7 of [MPllj . As 
the proofs are quite similar we only show the last lemma since it also contains a slight improvement 
of Lemma 6.7 of |MP11| . 

Lemma 6.6. When i € {0, . . . , L}, < s < UM,n, x E Jn,i{s), then 

(a) |Vui,,„(s, £„(s, x)) - Vw^^^., (s, x„(s, x))\ < 2~^^aft+''^^'^^'\ 

(b) For i > 0: Vw^^^a; (s, i„(s, a;)) • cr^ < |u^^^a, (s, £„(s, x))| < a!^;/2. 

(c) For i < L: Vu^ (s, a;„(s, a;)) • a^. > an^^ j^- 

(3) 

The proof is done using U\j\^ p. Next consider the derivatives of Wi^a^ • 

Lemma 6.7. When i E {0, . . . , L}, < s < UM,n, x E Jn,i{s) and \x — x'\ < 54i(/3i)j then 

(a) Fori>0: |Vu^ ^a, (s, x')| < af^'. 

(b) For i < L: Vu^ ^a, (s, a;') • cr^ > af;+7l6. 

The proof uses C/|^^„ ^, but is left out. To finish things we only need a similar result for the U2 
expressions for which we give the details of the proof: 

Lemma 6.8. When i E {0, . . . ,L},0 < s < UM,n, x E J„,i(s), x' ,x" E W and \x - x'\ < 4^a^, 
then 

\u^y^^ is, x') - u^^^., {s, x")\ < 2-^5a^'+^ da;' - x"| V aii^^~^'+'-''^ V a„) 
as long as \x' — x"| < £„(/3i). 

Remark 6.9. This lemma is stricter than Lemma 6.7 of jMPll) . Following their strategy, we would 
obtain ^(7 — 2/3^(1 — 7) — £1) instead of the larger exponent |-(7 — — ei). 

Proof. Let [i, n, s, x, x') be as above and e ~ 5y/a^ < 2^^*^ by (|47)) . Then 

\x' — Xn{s, x)\ < \x' — a:| + y^a^ < e, |a;'| < Kq + 1 and 
\u{s, a:„(s, a;))| < a„ = a„ A {^/a^e). 

If z > then for x E J„,i(s) we obtain |Vwi^a„(s, a;„(s, x))| < a^'/4 < a^^ . Let 

Q(n, eo, ft, r) a-^V^i^^o^fi-^/^) ((^^ V rf^ + a^-^r^. 

Assume that \x' - x"\ < iniPi) (< 2"^^). Since s < U^M,n,i3,^ holds that 

Iw^^^A, (s, x') - zi.^^A, (s, x")\ < 2-«^[Q(n, £0, A, £ V |x' - + a^^" - --"af'+^^^i"^)] 

< 2-8"[Q(n,£o, A, |x' - + la:' - x"\'-'^'a^„'+'^<^'-''^-'°]. (93) 

We will now show the following 

Claim: ^ 

Q(n,£o,ft,r) < 2a^'+n^Va°^^"^'+'"'^^ Va„) ifO<r<4(ft). (94) 
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We split the proof of the claim into several cases: 

Case 1: ^<r< = o^'+^^i 

In this case we will bound Q by 2on'^V and this holds if 

^(l-eo)(l-a/2)+27-l aft + i+^o (95) 

and 

^7-l+(l-£o)(l-a/2) < a^'+i+^°"'^''^. (96) 

Note that 

(1 - £o)(l - a/2) - 1 + 27 > 27 - a/2 - £0 > 1 (by 61). 
Therefore already follows (additionally using 5ei > 2£o)- For the other inequality by r < 
cin^^'^^ it suffices to show that 

/3,(1 - 7) + 2£o - - 1 + (1 - £o)(l - «/2)] - 5ei[7 - 1 + (1 - £o)(l - a/2)] < 0. 

This holds if 

ft(27 - 1 - a/2 + £0(1 - a/2)) - 2£o + 5£i(7 - a/2) > 0. 
And this holds since a < 2(27 — 1) and 2£o < 5£i. So we are done with the first case. 

Case 2: a^^^~^'+'~''^ <r< 
In this case 

Q(n,£o,/3.,r) = a--v(i--°)(i-"/2)K + af ^r-^]. 
We need to estimate both summands. First 

^(l-eo)(l-a/2)^7-^o < ^^ft+i 

is true by the lower bound on r and the fact that Eq < £i(1 + §)"^. The second summand satisfies 

(j-eo^(l-6o)(l-a/2)^7ft^7 < ^aft+l^ 

since 

^^_a/2-eo(l-a/2) < ^^^-Q/2-eo 

by 3£o <£i < i(27~l-f). 

Case 3: r < al'-''^^'^'^''^ 
This follows from monotonicity in r and the fact that Case 2 actually occurs since 

2, n ^ 2, I, a/2 1 

-(7 - A+i - £1) > -(7 - ^5) > — = Tj- 
a a 2 a 2 

Hence the claim in ([M)) is shown. 

Next, consider the other term in ([M)) to finish the proof. In the case r > an we have 

^l-eo^ft+ei(l-7)-eo(gft+i^)-l ^ ^-eo ^-2eo+ei (I-7) 

< a-3^°+-'i(i-'^) < I, 

since £o < So for any r > (when using the previous estimate with (r V a„) in place of r), 

^l-eo^ft+si(l-7)-so < aft + i(rVa„) 

<a^^(rVa|(^-'''+^-^^^a„). 
Putting things together we get the statement of the lemma. □ 
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Lemma 6.10. If < s < UM,n and x € Jn,o(s) then 

|m(s,x) - ii(s,a;')| < (Va^V - if x' is such that \x' - x\ < 2~ (97) 

and 

|u(s,a;')| < 3(V^)i-^« if\x'-x\<^. (98) 

This statement has just the same proof as Lemma 6.8 in (MP 11] . so we omit it. We are finaUy 
going to complete the 
Proof of Proposition 13.21 

The compactness of Jn,i{s) follows from the continuity of all the functions involved and the inclusion 
Jn,i{s) C Jn,i{s) foUows from Lemmas l6.7| 16.81 and l6. 101 □ 



A Appendix 

We give the proofs of the results from Section 2] and add some auxiliary results. Remember that 
C > denotes a constant that may change its values from line to line. We start with the proof of 
Lemma 14.11 



Proof of Lemma \4.1\ Consider for r > 0,u > 1 the function 

/(a) — aexp ) , a > 0, 



which attains its maximal value u^^^{^y/^ exp{—l/r) at a = (fY^^- Hence, choose C{ro,ri) — 
max^gjrj, yj^j (i)-'^/'" exp(— 1/r) to obtain the result. □ 

This lemma can be applied in the next proof. 

Proof of Lemma \4.2\ By Lemma |4 . 1 1 applied with a = j^, u = 1, r = 2, 

\ptA^)\ < l=\^(2nt)-'^^' exp f-M!) < c4=(4^i)-'/'cxp f-J 



VtVt' ' "V 2tJ--yrt^'-^ 4^ 

which proves the result. □ 

Next we can extend the results of Lemma 5.2 in |MPS06I to derivatives: 

Lemma A.l. There is a uniform constant C > such that for any < t < f , w,v Cz M."^ the 
following holds for I — 1, . . . , q : 

(a) Setting Vq := and Vi := Vi-i + ViCi, 1 < i < 9, where is the i-th unit vectors in W, we 
have for the spatial differences 

\pt,iiw + v) - pt^i{w)\ < Ct^'^22 driP2t{w + Vi-i +riei). (99) 

(b) We obtain for the time differences 

\Pt,iH - Pt',iH\ < c\t - t'\h~i {t~^'^P2t{w) + t'-^/^pit,{w)). (100) 



37 



Proof. We follow |MPS061 page 1932]. Without loss of generality we can assume that 1^1. Then 
we consider for (a): 

exp(-^) - exp(-^^)| 
^ t 2t ' t 2t 

<|^exp(-M!)_!f!l±^exp(-^A^)| + 
+ ± l^ll exp(-^^i±|^) - exp(-^A^)| 

Now, observe that 

d,, (xiAexp(-|a:|V(2t))) = exp(-|a;| V(2t)) - (xi A)^ exp(-|x| V(2<)) 
and exp(— |xp/(2t)) = —{xi/t)exp{—\x\'^/{2t)). Hence, the above is bounded by 



/■It'll I 
1/ dririexp(-J 
Jo 



-)-( )'exp( 

2t ^ ^ t ^ 2t 

|wi + t"!] y-v I "^''^''' cxp( 1^ + '"'-! +^''^'1^ - 

^ . „ ./n i 2t 



4=2 



Now, use (j55p twice with a = , u = 4 and r = 1 respectively r = 2 to bound this further by 



io V ^ 2t ) + C^exp( + 



At 

dn exp( + ,, + ) 



" + +r,e,|2 |wi+r,|2 [lyi+wip 



i=2 



2i U At 

<Cr^ ■d.,exp(-^^i^ip£) + C^-g^'"'d.. exp(- '" + ^-;+^'"-'% 

And the result follows by multiplication with (27rt)^^/^. 

To prove (b) we consider the time differences, following (52) in jMPS06| . First, rewriting and 
then using the Mean Value Theorem we get 



\p,,H-p,,H\ - (2.)-/^|^i-/^exp(-M!) _ ^t'-^/^exp(-^)| 



< (2^)-'/'(<? + 2)\w\\t'/^ ~ t'i/2|(ii/2)-</-3 exp(-^) 



Using a < exp(a) for a — |wp/(4s^), we have 

/-t''/' L..I2 L..I2 rt''/^ 



exp(-LL)L^,,< y^^^^ -exp(-LL)d.<|tV._,./2|_,,p(_LL 
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Using further ()55|) in both hnes of the above expression, we can bound it by 



+ (2^)-9/2Ci'-l/2-9/2|il/2 _ i'l/2|i-l/2^^p(_^) 
< -t'V2|i-l/2(i-l/2p^^(^) +i.-l/2p^^,(^)). 



□ 



Next, combine that lemma with Lemma 5.1 in IMPS06] : 

Proof of Lemma \4-.S\ There are two estimates to make, one for each part of the A. 
First, let us consider the left part. Expanding the product in the integral gives 

I {pt,i{w - x) -pt'j{w - x'))[pt,i(z - x) -pt',i{z - x'))\ {\w - + 1) dwdz 

< J J \pt,i{w - x)pt.i{z - x)\{\w - z\~"- + 1) dwdz 

+ j j \pfd{w - x')pt',i{z - x')\{\w - z\^'^ + l)dwdz 

+ J J \ptAw - x)pt',i{z - x')\{\w - + 1) dwdz (101) 
+ / / \pt'A{w - x')ptAz - x)\{\w - z\^°' + l)dwdz. 



Note that by a change of variables (and \w\ = | — w\) the last two lines coincide. The same is true 
for the first two lines except that t and t' differ. Thus, expression (jlOip is equal to 



bt,;(w)pt,/(z)|(|w - z| " + l)dwdz 
+ / I \pt'Aw)Pt'Az)\{\w- z\-'' + l)dwdz (102) 
|pt,/(w - {x- x')) pt'j{z)\{\w - zT" + 1) dwdz. 



For the first line of (|102p we write, using \wi \ < \w\ and ([55]) . 

t-' J J (2.t)-^M exp(-M!) N exp(-^)(|^ - z|- + 1) dwdz 

< Ct-^ j j {2Trt)-^ exp(-^) exp(-^)(|w - zp" + 1) dwdz, 

by an application of Lemma 5.1 in |MPS06] and the fact that t < t' . For the second line (with t') 
we can do exactly the same and obtain the same even with t instead of t' , since t <t' . 
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For the third hne of (|102p the same reasoning leads to the bound 

Mexp(-M!)(|^_,|-" + l)d^d;, 

<C<-i 1 J (27ri)-« exp(-^^^^^^^^^) exp(-^)(h - zp" + 1) 
<C(a,g)(i-"/2-i^^-i) 

by an appUcation of Lemma 5.1 in |MPS06| and t < t' < K. 

So this was the first part of the A. To consider the second estimate, we start with a decompo- 
sition 

I {ptA{w - x) - pt',i{w - x')){pt,iiz - x) - pt'jiz ~ x')) I 

< I {ptdiw - x) - pt,i{w ~ x')){pt^i{z - x) - pt^i{z - x')) I 

+ 1 {pt,i{w - x) ~ pt.iiw ~ x')){ptj{z - x') ~ pt'.liz - x')) I (103) 
+ I {pt,i{w - x') -pv.i{w ~ x')){pt.i{z - x) -ptd{z ~ x')) I 
+ 1 {pt,i{'U' - x') - pt',i{w - x')){pt,i{z - x') - pt',i{z - x')) \. 

We start with the simplest case in (jl03p : 

|(Pt,/(w - x) -pt,i{w - x')){pt.i{z - x) -pt.liz - x'))\{\w - zp" + l)dwdz. 
Changing variables, setting v = x — x' and using Lemma [A. 11 we bound this by 



C 



f 1 r f 

t^^zZ I dr, p2tiw + v,-i + riC,) t~^22 dfj p2tiz + Vj-i + rjCj) 



\w - zl'"" + I) dwdz 



P2t{w + Ui-i + r^ei)p2t{z + Vj-i + fjej){\w - zp" + 1) dwdz 
< Ct-^{t-°''^ + 1) max \v^VJ \ < Ct-^{t-"''^ + l)\v\l = Ct-^{t-°''^ + 1)P - x'l 



using Lemma 5.1 (a) of |MPS06| in the last step (compare this with Lemma 5.2 (b) in [MPS06| ). 

Now, we consider the temporal distances in (|103p . i.e. the last line. There we get by Lemma 
ED and Lemma 5.1 (a) of |MPS06| that 



\{pt.i{w - 2^') -Pt',i(w - x')){ptj{z - x') -pt',i{z - x'))\{\w - z\ " + 1) dwdz 

and this is the next part of the proposition - similar to Lemma 5.3 in |MPS06| . The mixed parts 
in (|103p can be done similarly. □ 

Next we give the proof of a technical lemma: 

Lemma A. 2. For R> there is a constant C = C{R) such that for any y,y G K', < t < t' and 
7]o G (1/^j 1/2) the following holds for I — 1, ... ,q: 



40 



(a) l{\y\ > t'l/^-^o V 2\y - y\} \pt,i{y)\ < C exp{- ^t-^^«)p^t{y) . 

(b) l{|y| > t'i/2-'7o V 2\y - y\} \pt,i{y)\ < eM~^t'^''°)Pwt{y)■ 
Proof. Let us write A := {\y\ > i'l/^-iJo y 2\y - y\}, then on that event it holds that 



|y| > |y| - > f > ^ > ^ , thns ^ > 

Using this and ([55]) twice, we calculate 



2 



lA\pt,i{y)\ = lA^(27rt)-'^/2exp(-^) 
<l^M(2,i)-./2exp(-^) 
< l^Cri/2(27ri)-«/'exp(-^) 

<l^Ct-i/2exp(-^t-2''o)(2^<)-9/2exp(~^^ 
<lAC(i?)cxp(-^t-2''")p4t(2/). 
Given that on the set A we have 

\y\ < 2\y\ , thus \y\' > M!, 

we can bound this further by 

tA\ptAy)\ < ciR)eM-^t-'''°)pMy). 

□ 

In order to prepare Lemma 14.51 we give the following proof. 
Proof of Lemma \4-4\ By (|55p we bound 

\wrptiw) < 4''i/2+«/2ri/2p2t(w) and \zppt'{z) < A'-^/'^+'^/h"^'-/'^p2t'{z). 

Next apply Lemma 5.1 (b) of |MPS06| if ra > and their Lemma 5.1 (a) if — 0, to get the first 
estimate. For the second estimate note that by (|55p and < y/qK, 

pt{x - w)\w\''' < pt(x - w)2''H\w - xl''' + l^ri) 

< 2'^iAtY'^^p2t{x -w) + i2^KY'pt{x - w) 

< C{K,R)p2t{x-w){r'/^ + l) 

so that we obtain the result by the first part. □ 
Finally, we can conclude the appendix with the proof of Lemma 14.51 
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Proof of Lemma \4-.5\ By Holder's Inequality we can bound the left hand side in (|56|) by 

[ J J \ipt-s,liw - x) - pt'^sdiw - x')){pt-s,l{z - x) - pt'-s,liz - x'))\ 

X [ J J lipt^sdiw ~ X) ~ Pt'-s,li'W - x')){pt-^sj{z - X) - pt'-^s,liz - x'))\ 

\w - x\^P/i^\z - xl^P^'i' l{\w-x\ > (t'-s)i/2-';o v2|a;-x'|} 



Now estimate the first integral using Lemma 14.31 and expand the second one to obtain as a bound 
for (ESI) 



C{R){t-s) 



-(1+q/2)(1-»7i/2) 



1 A 



\x~x'\^ + \t-t'\ 



t - s 



l-r,i/2 



|pt_sj(w - x)pt-s,iiz - x)\L{x,x' ,w, z, s,t') dwdz 

+ / /'K_„,(»-.')p.-„,(=-.')W...'.-.=...«')<i-«. 

\pt-s,i{w - x)pt'-s,i{z - x')\L(x, x\ w, z, s, t') dwdz 
\pt'-s,i{w - x)pt-s,i{z ~ x)\L{x, x' ,w, z, s,t') dwdz 



(104) 



where 

L{x, x', w, z, s, t') \w - xl'"/"! \z - xj^P/"! t{\w - x\ > {t' - s)^/'-* V 2\x - x'\} 

Since all of the four summands in the end are similar, we only consider the last one which is the 
worst with respect to {t — s)-asymptotics. Use Lemma 14.21 replace li — w^x,z — z^x and then 
use Lemma IA.2I (b) to obtain 



Ipt'-sA^ - x')pt-sA^ - x)\ \w - xpP/"! \z - xpPA'i 
X t{\w -x\> [f - s)i/2-'"i V 2\x - a;'|} e^''/''i(l"'-^l+l"-^l)(|u; - z]"" + 1) dwdz 

X l{\w\ > (t'-s)l/2-,o v2|x-x'|}e2''/''i(l'^l + l^l)(|,I;-Sp" + l)d7i;dz 
<C{R) J yexp(-^(i'-s)-2*)pi6(,,_,)(^)p2(t-.)(5) 

X Iwl^P/"^^ Izl^P/"! {t - s)-l/2g2r/^l(l«i| + |i|)(|^ - Zp" + 1) dw dz. 

< C{R, m,K){t - exp(-^(t' - s)'2„o) 

< CiR,K){t - 5)-V2exp(-^(i' - 

where we used Lemma |4.4[ first part, in the next to last line and {f — s) < K . The other summands 
are similar, we use Lemma [A. 2 1 fwith t = t' for lines 1 and 3) and can use the exponential of — s 
{t — s ui lines 1 and 3) to control all of the negative exponents. Putting this back in (|104p gives 
the resuh since (1 + a/2)(l - 771/2) + (l/2)(77i/2) < 1 + a/2. □ 
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